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the response variable itself. In this study, we propose to use Bayesian regularized quantile
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regression (BRQR) in the context of GP; the model has been successfully used in other
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research areas. We evaluated the prediction ability of the proposed model and compared it
with the Bayesian ridge regression (BRR; equivalent to genomic best linear unbiased
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predictor, GBLUP). In addition, BLUP can be used with pedigree information obtained from
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the coefficient of coancestry (ABLUP). We have found that the prediction ability of BRQR is
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comparable to that of BRR and, in some cases, better; it also has the potential to efficiently
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deal with outliers. A program written in the R statistical package is available as

Genomic-enabled prediction

Supplementary material.
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1. Introduction
Genome-based prediction (GP) aims to predict the breeding
values of selection candidates of a testing set for which there
is only genotypic information (e.g., dense molecular markers
panels, pedigree information) based on phenotypic and
genotypic information from a set of related individuals

known as the training population. The concept of genomic
enabled prediction based on markers was first introduced
almost two decades ago by Meuwissen et al. [1], and since
then, many researchers have extended the models to include
other sources of information.
Nowadays empirical evidence suggests that genomic prediction models are widely used by the industry on plants and
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animals and in publicly funded breeding research programs
[2–4]. Originally, the linear statistical models proposed for GP
relied on the assumption that the residuals are distributed as
independent and identically distributed random variables with
null mean and the same variance, which implies that the
response variable is also distributed normally. It is well known
that the selection process leads to distributions that are skewed
[5], that is, if we select for trait Y and there is another trait of
interest (O), then the conditional distribution of Y is nonsymmetric (skew), given that the other trait of interest is greater
than a given threshold (o), which can be written as Y ∣ O > o. In
the genomics context and in many other breeding situations, it
is usual to find a subset of observations that belong to the
response variable that differs significantly from the rest, that is,
these observations are considered outliers [6]. Outlier observations could be due to several reasons such as missing
covariates, ignoring the presence of unknown segregating QTL
or because of Genotype × Environment interaction [7]. Therefore, if genomic data are analyzed under these circumstances,
inferences could potentially lead to incorrect results.
There are several statistical approaches to deal with nonsymmetric distributions, some of which are well known: 1)
transformations [8] and 2) robust regression approaches. In the
case of robust regression, the assumption of normality is
relaxed, for example, when including residuals with skew
distributions or thick tails [6,7,9–11]. Montesinos López et al. [6]
proposed a model with errors assumed to follow a Laplace
distribution which leads to a median regression model; it
provides good prediction even when outliers are present in the
data; this model is a special case of a more general quantile
regression model. Nascimento et al. [10] argued that asymmetry
can be overcome with regularized quantile regression and used
the model in the genomic context obtaining promising results.
Therefore, quantile regression has the potential to simultaneously deal with asymmetric responses and the presence of
outliers. Quantile regression also provides a powerful model
that can be used to study the relationship between the
predictors and the response variable for a set of quantiles,
thus providing a more complete view of the phenomenon under
study [10,12–14]. This is particularly important in the case of
genomic selection, for example, because quantile regression can
potentially improve the estimation of marker effects for a given
quantile and also opens the theoretical possibility of selecting
the quantile function that best represents the relationship
between predictors and response, although this is challenging
[10]. On the other hand, researchers who use quantile regression
are typically interested in well-defined quantiles that are fixed
[15] in the context of genomic selection; for example, a breeder
can be interested in obtaining reliable genomic breeding values
for high yielding varieties or those that are less affected by a
disease.
In this study we develop a Bayesian regularized quantile
regression (BRQR) model that allows simultaneously including dense molecular markers as well as the additive relationship matrix derived from pedigree. We believe that the model
proposed in this study has not been published before in the
context of genome-based prediction. The proposed model is
an extension of the model developed by Li et al. [14] and is a
generalization of the model developed by Montesinos-López
et al. [6].

The organization of the article is as follows. In the
Materials and methods section, we introduce the quantile
regression, both from the frequentist and from the Bayesian
perspective; then we introduce the BRQR model with markers
and pedigree. We use the Bayesian ridge regression model as a
reference when comparing the predictive power of the
proposed BRQR model. Next we describe a simulation
experiment to assess the performance of the proposed
model when the distribution of the response is non symmetric and outliers are present. Next, we present an application of
BRQR with real data and we studied the predictive ability of
the proposed model through random cross-validation. Finally,
we describe the results and present a brief discussion of the
results. We included as supplementary material the derivation of the full conditional distributions necessary to implement a Gibbs sampler and R codes that implement the
proposed algorithms.

2. Materials and methods
2.1. Quantile regression (QR) model
Consider the following linear model:
yi ¼ xti β þ wi

ð1Þ
xti

=
where yi is the response variable for case i = 1, …, n,
(xi1, …, xip) represents a set of covariates that could be
associated with the response variable, β = (β1, …, βp)t is a
vector of regression coefficients and wi are independent with
their θ-th quantile, θ ∈ (0, 1). The regression
X coefficients can
^ ¼ arg min f
ρθ ðyi −xti βÞg, where
be estimated as follows: β
QR
β
ρθ(t) = − (1 − θ)tI(−∞,0)(t) + θtI[0,∞)(t) [16]. A regularized estimate
of the regression coefficients, widely used in variable selection and high dimensional data sets, is obtained by solving the
following optimization problem:
^ ¼ arg min
β
QR
β

nX

o


ρθ yi −xti β þ λJðβÞ

with λ ≥ 0 and J(β) a function of model unknowns, for
example, J(β) = ∑j ∣ βj∣ corresponds to the LASSO penalty [17],
and J(β) = ∑jβ2j corresponds to the L2 penalty.
The introduction of penalty balances model goodness of fit
and complexity [18]. From a Bayesian perspective, regularization is done automatically by selecting appropriate prior
distributions for the regression parameters. Yu and Moyeed
[13] were the first to introduce the Bayesian representation of
quantile regression, where the model is fitted using the
Metropolis-Hastings algorithm [19,20], which does not scale
well in the context of high dimensional data.
Several authors developed hierarchical representations of
the model that makes it possible to easily derive conditional
distributions of the parameters of interest and implement a
Gibbs sampler [14,15,21–23]. Li et al. [14] proposed a Bayesian
hierarchical representation of the model and, in a unifying
framework, presented a set of regularization approaches for
this model. The model we propose allows efficient implementation of a Gibbs sampler [24,25] to sample from the
posterior distribution and obtain estimates of the parameters
of interest.
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2.2. Bayesian regularized quantile regression model (BRQR)

2.3.1. Sampling model and likelihood function

Next we describe the quantile regression model from a
Bayesian perspective; see Li et al. [14] for more details. Let
ξ pﬃﬃﬃﬃ
wi ¼ ξ1 vi þ 21 vi ei , with vi ∣ τ~ exp (−τ), ei~N(0, 1), ξ1 = (1 − 2θ)/
τ2

(θ(1 − θ)) and ξ2 ¼
as model (2):
yi ¼ xti β þ ξ1 vi þ

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2=ðθð1−θÞÞ; then model (1) can be rewritten

ξ2
ξ1vi and variance 2 vi . The joint conditional distribution of yi
τ
~ ; τÞ ¼ p
and the unobserved random variable vi is pðyi ; vi jμ; β; u
~ ; τ; vi Þpðvi jτÞ ; therefore the augmented likelihood is
ðyi jμ; β; u
given by:
~; τÞ
pðy; vjμ; β; u

ξ2 pﬃﬃﬃﬃ
vi ei
1

¼

Yn
i¼1

ð2Þ

In this context, the variance associated with W is

σ2w



~ ; τ; vi pðvi jτ Þ
p yi jμ; β; u
3n

τ2

∝

τ2

¼

Assuming a random sample from model (4), the conditional
~+
~ ; τ; vi is normal with mean μ þ xti β þ ~zti u
distribution yi j μ; β; u

1

ξn2 jDj2

1 1−2θ þ 2θ2

[13]. Assignation of prior distributions to β
2
τ2
θ2 ð1−θÞ

will lead to different well-known cases of BRQR, e.g., LASSO,
Elastic Net LASSO, etc. In this study, we considered an
application of BRQR in the context of genomic-enabled
prediction with markers and pedigree for asymmetric responses. Nascimento et al. [10,12,26] applied a non-Bayesian
version of quantile regression in the genomic prediction and
GWAS context using molecular markers. Montesinos-López et
al. [6] proposed a regression model with errors distributed as
Laplace random variables and applied it in genome-based
prediction in wheat with molecular markers. The model
proposed by Montesinos-López et al. [6] is a special case of
the general BRQR model when θ = 0.50.

2.3. BRQR with markers and pedigree (BRQR A + M)
Let's assume that we have a matrix of markers X, of
dimensions n × p, with xij ∈ {0, 1, 2}, i = 1, …, n, j = 1, …, p
representing the number of copies of a biallelic marker, for
example, SNPs, although it can be used with other type of
markers, for example, DArT. Let A be a relationship matrix
derived from pedigree, Z a matrix that connects phenotypes
with genotypes of dimensions n × q. A BRQR that includes an
intercept, markers and relationship matrix derived from
pedigree jointly using the hierarchical representation in [14]
is as follows:
yi ¼ μ þ xti β þ zti u þ ξ1 vi þ

ξ2 pﬃﬃﬃﬃ
vi ei
1

ð3Þ

τ2

where u ∣ σ2a~MN(0, Aσ2a), MN stands for “Multivariate Normal”,
and σ2a is a variance parameter associated with A. Let A = ΓΛΓt
be the eigen-value decomposition of A, where Γ is the matrix
whose columns correspond to the eigen-vectors of A and Λ is
a diagonal matrix whose entries are the corresponding eigend

1

d

~ , where u
~ j σ2a  MNð0; σ2a IÞ and “ ¼ ”
values. Then u ¼ Γ Λ2 u
stands for equality in distribution. Using these results, model
(3) is statistically equivalent to:
~ þ ξ1 vi þ
zti u
yi ¼ μ þ xti β þ ~
~¼
where Z

1
ZΓ Λ2 .

ξ2 pﬃﬃﬃﬃ
vi ei
1

ð4Þ

τ2
~ are
Note that once the predictions for u
1

b
~.
^ ¼ Γ Λ2 u
obtained, the predictions for u are obtained as u

(
)
τ t −1
~D y
~
exp − 2 y
2ξ2
(

 exp −τ

n
X

ð5Þ

)
vi

i¼1

~~
~ ¼ y−μ1−Xβ−Zu
where y
−ξ1v and D = diag (v1, …, vn).

2.3.2. Prior distributions
In order to complete the specification of the model, we assign
prior distribution to the model unknowns. Let β ∣ σ2β ~MN
(0, Iσ2β ), σ2β ∣ dfβ, Sβ~χ−2(dfβ, Sβ), σ2a ∣ dfa, Sa~χ−2(dfa, Sa), with
χ−2(df, S) denoting a scaled inverse chi squared distribution
with expected value S/(df − 2), with S the scale parameter and
df the degrees of freedom [27]. For τ, we assign a gamma
distribution, that is, τ ∣ a, b~Γ(a, b), where a and b correspond
to the shape and rate parameters, respectively, and finally,
p(μ) ∝ 1. The joint prior distribution of model unknowns is
given by:


e; τ; σ2β ; σ2a jH
∝
p μ; β; u


 

pðμÞp βjσ2β p σ2β jdf β ; Sβ
 2  2

~ jσa p σa jdf a ; Sa
p u

ð6Þ

pðτja; bÞ
where H = {dfβ, Sβ, dfa, Sa, a, b} is the set of hyper-parameters.

2.3.3. Posterior distribution
The joint posterior distribution of all unknown quantities can
be obtained by applying the Bayes theorem, so by combining
Eqs. (5) and (6) we obtain:


e; τ; σ2β ; σ2a jdata; H ∝
p μ; β; u

~; τÞ
pðy; vjμ; β; u


e; τ; σ2β ; σ2a jH
p μ; β; u

ð7Þ

The distribution given in (7) is analytically un-tractable,
but the hierarchical structure allows us to obtain the
conditional distributions necessary to implement a Gibbs
sampler [24,25] and draw samples from the joint posterior
distribution, from which marginal distributions and other
quantities can be inferred. The full conditional distributions
necessary to implement the Gibbs sampler pðμjelseÞ; pðβjelseÞ;
~ jelseÞ; pðσ2a jelseÞ, p(v| else), p(τ| else), all have closed
pðσ2β jelseÞ; pðu
form and are given in Supplementary materials.
The set of hyper-parameters H can be difficult to define.
Here we adopted the strategy used in [18,28] for setting the
parameters for the scaled inverted chi squared distribution.
The same strategy was used in [6] and will lead to slightly
informative, but proper prior distributions, so we set dfβ =
dfa =5, Sβ = 0.5 × Vy × (dfβ + 2)/MSx, Sa ¼ 0:5  Vy  ðdf a þ 2Þ=
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MSz
~, where Vy is the sample variance for the response
vector, MSx and MSz
~ are the average sum of squares of the
~ after centering. Finally, for the
columns of matrices X and Z
shape and rate parameters of the gamma distribution, the
parameters are set as a = b = 0.01, which also leads to a
weakly informative prior.

2.3.4. BRQR with markers (BRQR M)
This model is a special case of model (4) obtained by removing
the linear predictor associated with the relationship matrix
derived from pedigree, that is:
yi ¼ μ þ xti β þ ξ1 vi þ

ξ2 pﬃﬃﬃﬃ
vi ei
1

τ2

2.3.5. BRQR with pedigree (BRQR A)
Similarly, this model is a special case of model (4) obtained by
removing the linear predictor associated with the markers,
and thus obtaining:
~ þ ξ1 vi þ
zti u
yi ¼ μ þ ~

ξ2 pﬃﬃﬃﬃ
vi ei
1

τ2

2.4. Bayesian ridge regression with markers and pedigree (BRR
A + M)
Here we consider a linear regression model with normal errors.
This model is widely used in genomic prediction [29,30] and we
include it as a reference. The model is given by:
~ þ ei
zti u
yi ¼ μ þ xti β þ ~

ð8Þ

where ei's are independent and identically distributed random variables with mean 0 and variance σ2e . We assign
exactly the same prior distributions for unknowns as in the
case of BRQR, while in the case of the residual variance, we
assign a scaled inverted chi squared distribution, that is,
σ2e ∣ dfe, Se ∼ χ−2(dfe, Se). Following the rules in [28], we set dfe = 5
and Se = 0.5 × Vy × (dfe + 2). Models that include markers only
(BRR M) or the information between relatives only (BRR A) can be
derived easily from model (8) and present no conceptual or
computational difficulty.

when dealing with skewed errors. In order to simplify
simulations, we considered the case where only markers are
available. The simulation presented here takes elements from
[6,11]. We generated semi-synthetic data through simulation,
and we considered a set of 1279 DArT markers coded as 0 and
1, for 599 wheat lines analyzed originally by Crossa et al. [30],
and after that, by many others. We simulated the data using
the following linear model:
yi ¼ μ þ

The Gibbs sampler algorithm to fit BRQR models was
implemented in a program written in R [31]. The routine
takes as arguments the vector of phenotypes y, matrices X, Z,
A, the number of MCMC iterations, a burn-in period, and the
hyper-parameters H, which are initialized with the previously
described default values, but can be modified. The output of
the routine consists of estimates of posterior means of all
model unknowns, and in the case of missing values for the
phenotypes, it provides the mean of the predictive distribution obtained through the MCMC algorithm. The routine is
included as supplementary material. In the case of the BRR
model, it can be fitted in the BGLR library [28].

xij β j þ ei

j¼1

where i = 1, …, 599, with μ = 4. We assume that the errors are
coming from a skew distribution, and particularly consider
the centered skew normal distribution (SNC) with mean 0,
variance p
1 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
andﬃ skewness index γ1 [32], that is, ei~SNC(0, σ, γ1),
with σ ¼ 1−h2, where h2 was set to 0.5 and corresponds to the
rﬃﬃﬃ 
−3=2
2 3 4  2ρ2 
−1 1−
,
simulated trait heritability,
γ1 ¼
ρ
π
π
π
ρ ∈ {0.75, 0.95, 0.9999}, which leads to different degrees of
positive skewness. Nascimento et al. [10] used a similar
strategy when generating the residuals from an exponential
distribution. We sampled 50 marker effects from normal
distribution with mean zero and variance (1 − h2)/50 and the
rest of the marker effects were set to 0. The positions of
markers that were sampled from normal distribution were set
at random. In order to introduce outliers in the phenotypes,
we generated a certain proportion of the residuals from ei~SNC
(0, 3, γ1) at random, and we considered two proportions, 5%
and 10%, so effectively we sampled from a 2-component
mixture of centered skew normal distributions. We generated
50 datasets using the simulation parameter described above
and we fitted the BRQR with θ = {0.25, 0.50, 0.75} and BRR
models. For each simulated dataset, we computed the
correlation between true and estimated β's, true and esti^ and the variance component
mated signals, i.e., Xβ and Xβ;
associated with the residuals for both models. The variance
associated with the residuals can be used to assess model
goodness of fit [30]. In the case of BRQR, the variable w ¼ ξ1 v
þ

2.5. Software

1X
279

ξ2 pﬃﬃﬃ
ve plays the role of residual, and its variance is given by
1

τ2
σ2w

¼

1 1−2θ þ 2θ2

as mentioned previously; the posterior
2
τ2
θ2 ð1−θÞ

mean and the posterior standard deviation can be obtained
from MCMC output. We also used the MCMC output to
compute a modified version of the Deviance Information
Criterion (DIC⁎) which, according to Spiegelhalter et al. [33],
can be used to select between candidate models, in this case,
the BRQR with the selected quantiles. Models with smaller
DIC⁎ are preferred to models with larger DIC⁎.

2.7. Real datasets
2.7.1. Maize

2.6. Simulation
Here we considered a simulation experiment to assess the
performance of the proposed model in the presence of outliers

Here we considered a dataset from the Drought Tolerance
Maize (DTMA) project of CIMMYT's Global Maize Program
(http://www.cimmyt.org). The dataset has been analyzed
several times [11,34]. The dataset consists of 300 tropical
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inbred lines genotyped using 1152 SNPs markers. The
response variable is gray leaf spot (GLS) caused by the fungus
Cercospora zeae-maydis. The disease is measured on a scale
from 1 to 5, where 1 = no disease, 2 = low infection, 3 =
moderate infection, 4 = high infection and 5 = totally infected.
The experiment was conducted at three sites: Kakamega
(Kenya), San Pedro Lagunillas (Mexico) and Santa Catalina
(Colombia). An additive relationship matrix (A) derived from
the pedigree of the lines is also available. According to PérezRodríguez et al. [11], the skewness index for GLS evaluated in
Kakamega is 0.4785, 0.7276 for San Pedro Lagunillas and
0.3111 for Santa Catalina. The values are positive in all cases;
therefore the data are skewed to the right, which implies that
the right tail is long, relative to the left tail, so that most of the
mass of the distribution is concentrated around small values
of the GLS disease (Fig. 1).

2.7.2. Wheat
The wheat dataset considered here is a subset of the data
analyzed by Pérez-Rodríguez et al. [35]. The response
variable is the days to heading in two locations: Agua Fria
and Cd. Obregon in Mexico, where wheat plants were grown
under standard and drought agronomic management. The
dataset corresponds to elite lines from CIMMYT's Global
Wheat Program (http://www.cimmyt.org). The data include
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306 lines that were genotyped with 1717 diversity array
technology (DArT) markers. An additive relationship matrix
(A) derived from pedigree for the lines is also available, but it
was not originally included in the prediction models. The
skewness index for DTH evaluated in Cd. Obregon is −1.9926,
and 1.3641 in the case of Agua Fria. Fig. 2 shows violin plots
for these data, from which it is clear that the data are
skewed.

2.7.3. Random cross-validation
We fitted the BRQR and BRR models including: 1) pedigree, 2)
markers, and 3) pedigree and markers jointly. In the case of
BRQR, we selected three quantiles: θ = {0.25, 0.50, 0.75} [10]. In
order to evaluate the predictive ability of the proposed
models, we performed cross-validation analyses. We
partitioned the data into training, validation, and testing
data. For each environment we generated 50 random partitions with 70% of the observations in training, 10% in
validation, and 20% in the testing set. The idea is to evaluate
the model's predictive ability using observations in the testing
set. The BRQR models depend on the unknown parameter θ,
which in real applications of genome-based prediction where
phenotypes in the testing set are not known, must be set
before doing the predictions; therefore, a method to set this
parameter is needed. The selection of the appropriate

Fig. 1 – Violin plots for GLS in three locations: Santa Catalina (Colombia), Kakamega (Kenya), and San Pedro Lagunillas (Mexico).
The mean is represented by the ‘×’ symbol and the median by the horizontal line inside the box. GLS, gray leaf spot.
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Fig. 2 – Violin plots for days to heading (DTH) in two locations: Agua Fria and Cd. Obregon, Mexico. The mean is represented by
the ‘×’ symbol and the median by the horizontal line inside the box.

quantile that “best” represents the relationship between
phenotypes and predictors is a challenging task [10]. Here we
propose using the validation set to tune this parameter; this
approach is widely used in machine learning [36]. BRQR
models were fitted with 70% of observations in the training
set, and the 10% of observations in the validation set were
used to compute the mean squared error, which can be used
as a criterion for selecting between models in cross-validation
settings. BRR models were fitted using 70% of observations in
the training set and 10% of observations in the validation set
(80% in total). In all the cases markers were centered and
standardized. After fitting the models, we calculated the
Pearson's correlation between observed and predicted values
in the testing set. Inferences were based on 25,000 MCMC
samples obtained after discarding 25,000 samples that were
taken as burn-in.

outliers. From the column that corresponds to correlations
between ‘true’ marker effects and estimated marker effects, it
can be seen that in general the correlations for BQRR are
higher than those obtained with the BRR. The result is even
clearer with higher skewness and proportion of outliers. A
similar pattern is observed in the case of correlations between
^ In the case of DIC⁎,
‘true’ signal (Xβ) and estimated signal (Xβ).
results were mixed, but in general the index favored models
with low quantiles (0.25 and 0.50), which are the ones with the
highest correlations between ‘true’ and estimated marker
effects and also the highest correlation between ‘true’ and
estimated signals. DIC⁎ also favored BRQR models, and in all
cases the DIC⁎ was larger for the BRR model than for the BRQR
models.

3.2. Random cross-validation
3.2.1. Maize

3. Results
3.1. Simulation
Table 1 presents the results from the simulation experiment
for different degrees of skewness and different proportions of

Results from the random cross-validation obtained as the
average Pearson correlation between the observed and
predicted values for fitting the BRQR and the BRR models are
given in Table 3. The genomic-enabled prediction accuracy
measured by the average Pearson correlation shows better
prediction accuracy for model BRQR θ = 0.25 using A, M and
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Table 1 – Correlations between true and estimated marker
effects, correlations between true and estimated signals
and estimated variance components associated with the
residuals and DIC⁎ for different degrees of skewness and
different proportions of outliers.
Model

^
Corðβ; βÞ

ρ = 0.75, 5% outliers
BRQR θ = 0.25 0.3130
(0.0346)
BRQR θ = 0.50 0.3237
(0.0342)
BRQR θ = 0.75 0.3007
(0.0364)
BRR
0.3170
(0.0361)

^
CorðXβ; XβÞ
0.8270
(0.0411)
0.8404
(0.0367)
0.8143
(0.0394)
0.8329
(0.0374)

σ2e or σ2w
0.8254
(0.0926)
0.6843
(0.0544)
0.8506
(0.0937)
0.6788
(0.0581)

DIC⁎
1532.12
(53.57)
1548.13
(40.54)
1549.00
(54.29)
1602.74
(46.74)

A + M than for the others at the Kakamega site. However,
model BRR gave slightly higher prediction accuracy than
those obtained by BRQR for sites Santa Catalina and San
Pedro Lagunillas. Table 3 presents the results of the mean
squared error for the validation set for the BRQR models; for
the Kakamega site, the mean squared error in the validation
set favored the BRQR with θ = 0.25, which is the one with the
highest correlations in the testing set. In the case of Santa
Catalina and San Pedro Lagunillas, most of the times the
mean squared error favored the models with θ = 0.25, which
agrees with the correlations in Table 2. Thus the mean
squared error in validation can be a useful tool for selecting
the appropriate value of the parameter θ.

3.2.2. Wheat

ρ = 0.95, 5% outliers
BRQR θ = 0.25 0.3278
(0.0341)
BRQR θ = 0.50 0.3246
(0.0351)
BRQR θ = 0.75 0.2882
(0.0382)
BRR
0.3166
(0.0369)

0.8417
(0.0391)
0.8409
(0.0372)
0.7985
(0.0434)
0.8329
(0.0369)

0.7697
(0.0743)
0.6763
(0.0668)
0.8824
(0.1117)
0.6758
(0.0792)

1495.86
(47.82)
1540.73
(52.37)
1568.99
(63.29)
1599.13
(63.18)

ρ = 0.999, 5% outliers
BRQR θ = 0.25 0.3413
(0.0319)
BRQR θ = 0.50 0.3265
(0.0354)
BRQR θ = 0.75 0.2823
(0.0392)
BRR
0.3164
(0.0370)

0.8540
(0.0361)
0.8409
(0.0369)
0.7874
(0.0460)
0.8318
(0.0369)

0.7341
(0.0613)
0.6720
(0.0631)
0.8981
(0.1140)
0.6762
(0.0792)

1470.60
(42.58)
1536.28
(48.07)
1579.77
(62.88)
1598.74
(61.22)

ρ = 0.75, 10% outliers
BRQR θ = 0.25 0.2995
(0.0334)
BRQR θ = 0.50 0.3132
(0.0331)
BRQR θ = 0.75 0.2858
(0.0331)
BRR
0.2965
(0.0365)

0.8120
(0.0447)
0.8302
(0.0383)
0.7982
(0.0410)
0.8098
(0.0426)

1.0612
(0.1171)
0.8423
(0.0725)
1.0967
(0.1177)
0.8650
(0.0807)

1667.28
(55.47)
1657.87
(42.85)
1686.48
(51.48)
1734.57
(47.90)

ρ = 0.95, 10% outliers
BRQR θ = 0.25 0.3129
(0.0328)
BRQR θ = 0.50 0.3139
(0.0341)
BRQR θ = 0.75 0.2742
(0.0346)
BRR
0.2939
(0.0362)

0.8267
(0.0417)
0.8306
(0.0387)
0.7825
(0.0456)
0.8077
(0.0422)

0.9901
(0.1081)
0.8366
(0.0852)
1.1426
(0.1569)
0.8642
(0.1012)

1629.52
(57.79)
1652.94
(53.09)
1707.60
(68.39)
1734.01
(63.20)

ρ = 0.9999, 10% outliers
BRQR θ = 0.25 0.3239
(0.0317)
BRQR θ = 0.50 0.3152
(0.0342)
BRQR θ = 0.75 0.2681
(0.0361)
BRR
0.2929
(0.0366)

0.8377
(0.0395)
0.8298
(0.0394)
0.7712
(0.0488)
0.8061
(0.0434)

0.9342
(0.0889)
0.8329
(0.0826)
1.1709
(0.1651)
0.8694
(0.1029)

1598.94
(50.92)
1650.17
(50.39)
1721.87
(70.39)
1736.38
(62.60)

Results are averages taken from 50 simulated datasets; the
standard deviations appear in parentheses. The largest values of
the correlations are in bold face.

Table 4 shows the results of the cross-validation analysis for
days to heading. In the case of Agua Fria, BRQR models had
higher correlations in two of the three scenarios considered.
For Cd. Obregon, BRQR models gave the best prediction
accuracy in the three scenarios evaluated. Table 5 presents
the results of the cross-validation analysis for the mean
squared error in the validation set for BRQR models. As
expected, low values of the mean squared error in the
validation set are associated with high correlations between
observed and predicted values in the testing set.
Table 2 – Average of Pearson's correlation and standard
deviation (in parentheses) between observed and
predicted values in the testing dataset from crossvalidation analysis for gray leaf spot.
Predictors ⁎

Model
BRQR θ =
0.25

BRQR θ =
0.50

BRQR θ =
0.75

0.3098
(0.1391)
0.2812
(0.1298)
0.2984
(0.1340)

0.2888
(0.1473)
0.2537
(0.1367)
0.2802
(0.1363)

0.2467
(0.1386)
0.2139
(0.1330)
0.2681
(0.1317)

0.2995
(0.1344)
0.2502
(0.1363)
0.2796
(0.1352)

Santa Catalina
A
0.5583
(0.0850)
M
0.5597
(0.0709)
A+M
0.5744
(0.0684)

0.5576
(0.0852)
0.5604
(0.0728)
0.5692
(0.0763)

0.5408
(0.0944)
0.5521
(0.0761)
0.5702
(0.0710)

0.5923
(0.0944)
0.5786
(0.0689)
0.5927
(0.0697)

San Pedro Lagunillas
A
0.4697
(0.1214)
M
0.4535
(0.1282)
A+M
0.4684
(0.1219)

0.4601
(0.1328)
0.4569
(0.1305)
0.4617
(0.1278)

0.4467
(0.1399)
0.4555
(0.1315)
0.4607
(0.1239)

0.4875
(0.1146)
0.4746
(0.1223)
0.4819
(0.1167)

Kakamega
A
M
A+M

BRR

⁎ A, additive relationship matrix derived from pedigree; M,
markers; A + M, additive relationship matrix derived from pedigree
and markers included jointly. The predictions were obtained after
fitting the BRQR and BRR models. The average is across 50 random
partitions with 20% of observations in the testing dataset. The
largest values of the correlations are in bold face.
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Table 3 – Mean squared error and standard deviation (in
parentheses) for the testing dataset from cross-validation
analysis for gray leaf spot.

Table 5 – Mean squared error and standard deviation (in
parentheses) for the testing dataset from cross-validation
analysis for days to heading.

Predictors ⁎

Predictors ⁎

Model
BRQR θ = 0.25

BRQR θ = 0.50

BRQR θ = 0.75

0.7095 (0.1935)
0.7272 (0.2026)
0.7195 (0.1942)

0.7261 (0.2031)
0.7518 (0.2159)
0.7441 (0.2116)

0.7603 (0.2216)
0.8138 (0.2298)
0.7689 (0.2250)

Santa Catalina
A
0.8695 (0.1870)
M
0.8542 (0.1914)
A+M
0.8457 (0.1820)

0.8700 (0.1612)
0.8685 (0.1937)
0.8399 (0.1700)

0.8510 (0.1647)
0.8846 (0.1807)
0.8589 (0.1764)

San Pedro Lagunillas
A
0.8374 (0.2093)
M
0.8487 (0.2217)
A+M
0.8341 (0.2139)

0.8511 (0.2225)
0.8534 (0.2409)
0.8473 (0.2230)

0.8755 (0.2172)
0.8618 (0.2442)
0.8478 (0.2264)

Kakamega
A
M
A+M

⁎ A, additive relationship matrix derived from pedigree; M,
markers; A + M, additive relationship matrix derived from pedigree
and markers included jointly. The predictions were obtained after
fitting the BRQR. The average is across 50 random partitions with
70% of observations in the training set and 10% in the validation
set. The smallest values of the mean squared error are in bold face.

4. Discussion
Here we introduced a model that is an alternative for skew
data and robust in the presence of outliers. Results of

Table 4 – Average of Pearson's correlation and standard
deviation (in parentheses) between observed and
predicted values in the testing dataset from crossvalidation analysis for days to heading.
Predictors ⁎

Model
BRQR θ =
0.25

Agua Fria
A
M
A+M

Cd. Obregon
A
M
A+M

BRQR θ =
0.50

BRQR θ =
0.75

BRR

0.5548
(0.1602)
0.4902
(0.2014)
0.5506
(0.1682)

0.5548
(0.1629)
0.4920
(0.1958)
0.5497
(0.1665)

0.5195
(0.1702)
0.4492
(0.1656)
0.5359
(0.1725)

0.5463
(0.1690)
0.4794
(0.1786)
0.5578
(0.1661)

0.6527
(0.1491)
0.6417
(0.1286)
0.6589
(0.1415)

0.6512
(0.1503)
0.6477
(0.1331)
0.6638
(0.1392)

0.6371
(0.1533)
0.6437
(0.1357)
0.6542
(0.1439)

0.6443
(0.1487)
0.6350
(0.1365)
0.6527
(0.1348)

⁎ A, additive relationship matrix derived from pedigree; M,
markers; A + M, additive relationship matrix derived from pedigree
and markers included jointly. The predictions were obtained after
fitting the BRQR and BRR models. The average is across 50 random
partitions with 20% of observations in the testing set. The largest
values of the correlations are in bold face.

Model
BRQR θ = 0.25 BRQR θ = 0.50

Agua Fria
A
M
A+M
Cd. Obregon
A
M
A+M

15.2904 (7.0106) 15.4978 (6.8626)
14.6018 (7.0834) 14.3631 (7.4346)
14.7788 (7.0613) 15.1833 (6.6531)

14.3934
(16.3496)
14.6522
(12.8591)
14.3379
(14.4523)

14.2045
(16.4910)
14.5457
(13.6642)
14.1391
(14.6813)

BRQR θ = 0.75
16.5817 (6.9084)
15.7730 (6.2434)
15.5591 (6.5374)

14.4235
(16.5353)
14.79532
(13.5485)
14.42722
(14.6266)

⁎ A, additive relationship matrix derived from pedigree; M,
markers; A + M, additive relationship matrix derived from pedigree
and markers included jointly. The predictions were obtained after
fitting the BRQR. The average is across 50 random partitions with
70% of observations in the training set and 10% in the validation
set. The smallest values of the mean squared error are in bold face.

simulation show that the model is able to estimate the
marker effects more precisely than the BRR model and
therefore the signal from the data, i.e., the Genomic Estimated
Breeding Values, could potentially also be estimated better
with this model. The advantage of the model is more evident
when the data are more skewed and it works well even in the
presence of outliers; similar results were reported by [6,7]. The
results for the real datasets were mixed, but in crossvalidation, the BRQR model was better in three of the five
datasets. The proposed model is a robust alternative to the
widely used G-BLUP and A-BLUP models, and its prediction
ability is at the same level when no outliers are present. We
considered only three quantiles, θ = {0.25, 0.50, 0.75}; a similar
approach was employed by Nascimento et al. [10]. We also
developed an algorithmic approach that allows selecting the
quantile to be used to predict individuals in the testing set;
this approach is based on cross-validation and is widely used
in machine learning [36]. This approach effectively reduces
the training data size in the training set, so there is still room
for research on generating new algorithms that allows setting
this parameter more efficiently. Although we fitted the BRRQ
models with smaller sample sizes in comparison with BRR
models, the prediction accuracy of the proposed model was
similar and, in some cases, better than the accuracy of the
competing models. Nascimento et al. [10] compared the
accuracy of the regularized quantile regression model against
Bayesian LASSO with simulated data that had a heritability of
0.25 and reported gains in terms of prediction accuracy
(Pearson's correlation between true and predicted breeding
values) that ranged from 55% to 86%. Nascimento et al. [12]
compared the predictive ability of Regularized QR models
against several Bayesian linear models using flowering time
in common bean and reported gains also in terms of
prediction accuracy (Pearson's correlation between observed
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and predicted phenotypes) and reported gains that ranged
from 12% to 25%. In our case, the gains in prediction accuracy
(when present) are much smaller.
Nowadays, GBLUP and ABLUP models are widely used in
GS, and there are many software packages that can fit these
models. On the other hand, only a few software packages in
the public domain or that were developed commercially are
able to fit robust regression models. In the case of BRQR, to
our knowledge, BayesQR R package [15] contains the most
recent implementations of algorithms to fit this family of
models; unfortunately, the BayesQR was not designed to
deal with high dimensional data and is not able to fit the
model with markers and a relationship matrix derived from
pedigree jointly, although for moderate size datasets, other
software packages can be used, for example, JAGS [37] or
Stan [38].
The computations required to fit BRQR are more complex
than those required for fitting, for example, BRR or equivalently G-BLUP. Indeed, our implementation of the Gibbs
algorithm without any special optimization or fine tuning to
fit BRQR is much slower than the standard Ridge Regression in
the BGLR package [28]. For example, when completing
1000 cycles of the Gibbs sampler and fitting the BRQR M
using the wheat dataset (described previously) and
implementing the Gibbs sampler, it took ~35 s on a laptop
computer with an intel i7 processor @ 2.8 GHz and 16 Gb of
RAM memory. On the other hand, when fitting the BRR in the
BGLR package, it took only ~1.5 s.
Here we studied how to include markers and a relationship matrix derived from pedigree jointly. In the case of
markers, several empirical studies have shown that Reproducing Kernel Hilbert Spaces Methods with Kernel averaging
(RKHS) [39], when evaluated in cross-validation settings,
exhibit better predictive ability that GBLUP, so a natural step
will be to extend BRQR to include Reproducing Kernels.
Another topic of interest would be to extend the BRQR model
to include multi-traits and multi-environments, and especially, how to include genotype × environment interaction in
the BRQR.
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