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1
Introduction

In most national agricultural research systems, the approach to the economic
assessment of crop response to fertilizer treatments in on-farm research (OFR)
has been discontinuous or discrete analysis.! However, the possibility of
conducting continuous analysis of experimental results has increased with
researchers' greater access to microcomputers.

Conducting continuous analysis of OFR experiments is attractive for several
reasons. It is often much easier to use continuous rather than discrete
procedures to analyze the large amount of data generated as OFR progresses.
Furthermore, continuous analysis can provide better insights into both
agronomic and economic issues important to interpreting the experimental
data. It facilitates the construction of general models in which data can be
pooled across sites and years to examine variability in factors associated with
soil, weather, and agricultural practices. In addition, once a-functional form
has been fitted, conducting sensitivity analyses on such factors as prices, cost of
capital, and capital constraints becomes relatively easy. Another advantage of
continuous analysis is that by estimating a response function it is possible to
estimate other economic structures which may be useful for policy analysis.
Fertilizer demand curves and their elasticities are particularly useful in
estimating social gains under different policy options (Mudahar 1980;
Martinez, Sain, and Yates 1991; Desai 1986). Thus, the researcher can widen
the scope of the analysis beyond making recommendations for farmers, to
making recommendations related to policy. Finally, the refinement of fertilizer
recommendations is also becoming increasingly important as the need for
fertilizer efficiency in small farm agriculture is heightened by fertilizer price
increases (often due to the removal of subsidies) and by growing environmental
concerns.

The potential for continuous analysis of OFR data raises the question of
whether the models currently used for describing the response of crops to
fertilizer in national and international soil fertility projects are appropriate. In
some cases the specification of the functional form appears to be inadequate
with regard to the biological and economic assumptions underlying the models.
When the problems associated with nutrient effects are not well understood,
and when concepts such as interaction and substitution are not clearly
differentiated, such confusion can have serious effects on the specification of
the model used to analyze the results of an experiment in which more than one
nutrient is included among the experimental variables.

Furthermore, when ill-defined assumptions are the basis for designing
experiments-for example, when an important interaction is neglected-the
resulting data cannot be analyzed using alternative functional forms that

1 For a detailed treatment of this method see CIMMYT (1988).



might best approximate the true model. This may either render the results of
important research efforts useless, or lead to biased conclusions and
recommendations.

This paper proposes a method for building general models based on continuous
analysis in order to derive recommendations for farmers. The data
requirements are not excessive for OFR practitioners in developing countries.
The paper deals specifically with problems involving only one or two generic
nutrients, since most experience with OFR indicates that it is unusual for more
than two nutrients to be found in the list of priority problems affecting farmers'
productivity. Chapter 2 reviews the basic techni<;al and economic concepts
related to the continuous analysis of fertilizer response data, and Chapter 3
focuses on the criteria involved in choosing among various functional forms.
Chapter 4 presents a method for constructing a general model that can be used
to derive recommendations for farmers. The last chapter covers special topics
such as determining the optimum levels of fertilizer for multiple outputs.
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2
Basic Concepts for Continuous

Analysis of Fertilizer Response Data

This chapter presents the basic technical and economic concepts for continuous
analysis of fertilizer response data, together with examples in which the
quadratic function is used. Alternative functional forms will be incorporated as
the paper progresses.

Crop Response to Nutrient Availability

The true functional relationship between yield and the availability of a
nutrient in the soil-Y = f(N)-is quite complex (Anderson and Nelson 1971).
However, some simple models can be used to characterize this relationship
with a reasonable degree of precision.

Russell (1973) has presented a schematic picture of what is widely accepted by
agronomists to be the general relationship for a single-nutrient response
function (Figure 2.1). This relationship can be interpreted as a continuous
function with up to six well-defined stages. Some of the stages may be
negligible in certain cases, but plant behavior resembles the curve shown in
Figure 2.1 when the growing medium initially has a limiting nutrient at
extremely low levels of availability, and the remaining essential nutrients exist
in sufficient amounts to produce the maximum yield (Jauregui 1984). (Figure

2.1 will serve as the basis for discussion
in the chapters that follow, and its

Plant yield different stages will be referred to
y throughout.)

IV

Availability of nutrient N

Figure 2.1. General relation
between any particular nutrient
and plant yield.
Source: Adapted from Russell (1973).

The curve in Figure 2.1 can be handled
as a spline (i.e., "spliced line") function.
A spline function is a piece-wise
continuous function, with continuity of
function values at the junction points,
as well as continuity of slope if desired.
This means that there are no sudden
jumps at the knots.!

Table 2.1 summarizes the first and
second derivatives of the function
Y = f(N), fn and fnn, which characterize
the different portions of the general
fertilizer response curve.

1 For a thorough treatment of spline functions see Poirier (1976).

3



Stage I is the increasing response portion of the curve, in which yield increases
more than proportionally to the increments in the availability of the limiting
nutrient. This type of response is seldom observed in the field, except in cases
of severe nutrient deficiency. Heady (1981) mentions that in the USA he and
his colleagues "never found an important case of increasing returns to fertilizer
variables," and speculates that the same response pattern would be expected to
prevail in other developed countries where the level of management is rather
high. But he adds that such a pattern "may even dominate in less-developed
agricultures." For example, certain soils with a high phosphorus-fixing capacity
might be expected to show this type of initial response, as well as tropical soils
that have been continuously cropped under extremely marginal conditions
(e.g., a combination of steep slopes and high rainfall, favoring a rapid loss of
soil fertility).

More often, practical problems in studying fertilizer response start at stage II,
when there is a sharp linear response to fertilization. This situation has not
been frequently observed or reported in the literature, however, partly because
most research in developed countries involves high levels of management,
including the maintenance of high soil fertility levels, which puts the starting
point of the experiments close to or beyond the border between stage II and
stage III.

The relative magnitude of stage ill, the diminishing response portion of the
curve, and sometimes its,very observation, is strongly case-dependent. A
polynomial function can be used to approximate this part of the curve, with
good results.

After the straight linear response and the transition to diminishing returns,
stage IV-a plateau or no response-may be observed. Nutrient N is not
limiting yield at this stage, and another nutrient or factor has become limiting.
A constant term can suitably fit this stage and at the same time satisfy the
restrictions for continuity and differentiability at the knots. Although defining
the starting point of this stage may be important, the plateau itself has no
economic interest.

Table 2.1. First and second derivatives which characterize the different
segments of the general fertilizer response curve depicted in Figure 2.1

Stage fn
f

DD

I. Increasing (positive) response >0 >0
II. Linear (positive) response >0 =0

III. Decreasing (positive) response >0 <0
IV. No response =0 =0
V. Increasing (negative) response <0 <0

VI. Linear negative response <0 =0

4



Stages V and VI are the negative response parts of the curve. The nutrient is
being applied at concentrations high enough to produce deleterious effects on
the plant. This stage also has no economic interest.

Thus it is stages II, III, and IV which most often concern both agronomists and
agricultural economists and produce information useful for improving farmers'
decisions about fertilizer. Although only the beginning of stage IV (the plateau)
is relevant, it may be helpful to have a good appraisal of the plateau itself to
make a rather precise location of the knot.

These three stages may be found individually or in combinations of two. For
example:

• If an experiment is conducted on soil that is very deficient in the nutrient
being applied, and if the range of fertilizer levels is not large enough to reach
a declining response or a plateau, the data simply show a straight linear
response (stage II).

• In soils of intermediate fertility, a decreasing returns curve (stage III) is
commonly observed.

• Lack of response to fertilization is represented by a plateau (stage IV),
interpreted to mean that another factor or factors are limiting yield. Such
factors might include soil acidity, deficiency of another nutrient in the soil,
or low plant density.

• A combination of stages II and III can be observed if the range of fertilizer
levels in an experiment is large enough to reach the stage of decreasing
returns.

• Similarly, in soils of intermediate fertility the exploration range of the
experiment can be such that only the decreasing returns and plateau
portions of the curve are observed (stages III and IV).

• Sometimes the diminishing returns portion of the curve collapses, resulting
in a sharp transition between the linear response and the plateau (stages II
and IV). This is the case depicted by the linear response and plateau model
(Jauregui and Paris 1985).

One of the most important requirements of any empirical estimate of response
functions is that researchers are able to interpret the results from both a
technical and an economic point of view. Given that different response
functions impose different restrictions on the technical and economic
parameters, it is important to review the main technical aspects of response
functions for the cases of one and two nutrients.

5



One Nutrient

Technical characteristics of response functions

Given the response function Y = f(N), where Y represents the maximum yield
in physical units attainable for each level of nutrient N (also in physical units),
the concept of marginal physical productivity (MPPn) is defined as:

MPP =f =dY/dN.n n [2.1]

Marginal physical productivity gives the rate of change in yield for a small
(infinitesimal) change in the amount of nutrient. That is, MPP

n
is the slope of

the response curve evaluated at a particular level of the nutrient. Another
physical concept important here is the nutrient elasticity ofproduction (En>,
which is the percentage change in yield for a given percentage change in the
nutrient.

dY/y
En =--·

dN/N
[2.2]

These concepts can be used in the context of the stages of the ideal response
curve outlined in Figure 2.1. In the first stage, MPPn increases as N increases
and En > 1. This means that a 1% increase in the nutrient will produce a yield
increase of more than 1%. For this reason, this stage is called the stage of
increasing physical returns.

In the linear stage, both MPPnand En are constant. An increase in N will
increase yield in a fixed proportion. For this reason, this stage is called the
stage of constant physical returns. The third stage obeys the so-called law of
diminishing physical marginal returns. In this stage, MPPn diminishes as N
increases and 0 < En < 1. That is, a 1% increase in N will produce a yield
increase of less than 1%. In the plateau stage, MPPn= En = 0 , indicating that
successive additions ofN will convey no increase in yield. Finally, in the last
two stages, MPPn< 0 and En < 0, indicating that successive additions of the
nutrient will reduce yield.

Another important concept used to characterize the response function is
technical efficiency. A production plan is technically efficient if and only if it is
not possible to produce more output with the same level of nutrient or to
produce the same output with a smaller amount of nutrient. According to this
definition, points lying in stages I, II, and III along the response function are
technically efficient, while those in the plateau and in the decreasing returns
stages are not.

6



Economics of crop response to
fertilizer under generalized capital constraints

Although it is recognized that farmers choose among several alternative goals
when deciding whether or not to adopt a technology, two important factors in
those decisions are the economic returns and the degree of risk involved in
adopting a new technological alternative (CIMMYT 1988). To evaluate the
economic returns in the one-nutrient case, it is assumed that farmers attempt
to maximize profits per unit of land (1t), defined as:

1t = GFB - TCV (1 + R) - TCNV,

1t =YPo - NPn(l + R) - TCNV, [2.3]

where GFB represents gross field benefits calculated by multiplying the
adjusted yield (Y) times the field price of the crop (P); TCV represents the total
costs that vary; TCNV represents the total costs that do not vary; and R is the
minimum rate of return acceptable to farmers (primarily the cost of capital and
the return to managerial skills). (The concepts of adjusted yield, field prices,
and minimum rate of return are discussed in more detail later.) Note that the
sum ofTCV and TCNV denotes the total cost per unit ofland. Total costs that
vary are calculated by multiplying the amount of nutrient per unit ofland (N)
times the field price of the nutrient (P).

Farmers seek to maximize profits per unit ofland (Equation 2.3) subject to the
restriction imposed by the technology, which is summarized in the response
function, Y = f(N). The first-order condition for an unconstrained maximum of
Equation 2.3 is:2

or

or

d7tldN =Pin -Pn (l + R) =0, [2.4]

[2.5]

[2.6]

According to Equation 2.5, profit maximization requires that the value of the
marginal physical productivity of nutrient N be equal to its marginal factor cost

2 The second-order condition for a maximum requires that d21t1dN2 = Po fnn < O. Since
Po> 0 this condition implies that maximum profits require decreasing marginal
physical productivity of the nutrient (fnn < 0).

7



(nutrient price) times (l+R). This means that the last dollarS spent on nutrient
N must return exactly one dollar plus an additional return that will satisfy
farmers that their investment is worthwhile.

Equation 2.6 states the same principle but in physical terms: the farmer will
apply nutrient N until the amount of product added by the application of the
last unit of nutrient equals the amount of product necessary to buy the last
unit of nutrient, times (1 + R).

Since fn is a function ofN, the first-order condition can be solved for N as a
function ofPn , Po' and R:

[2.7]

where N* is the derived demand for nutrient N, since it represents the profit
maximizing amount of nutrient as a function of nutrient and product prices.

Yield

Figure 2.2. Economic optimum in the
case of a single nutrient.

The maximization problem and its
solution are depicted in Figure 2.2.
The straight lines are isoprofit
lines with slope given by the price
ratio:

The maximum level of 1t that is
possible with the given technology
is 1to' where the isoprofit line is
tangent to the response function in
point A. This represents the
condition stated by Equation 2.6.
Note that the second-order
condition rules out a tangency
point like B for f

nn
> 0, since this

represents a point of minimum
rather than maximum profits.

Xl
./___-y=f(N)

N added

./
./

./ P2
./ ./

./ ./
./

./
./

./

o

Choosing the relevant price ratio in the economic analysis of
experimental data4-In the beginning ofthis section it was shown that the
optimal fertilizer rate depends, ceteris paribus, on the ratio between input and

3 Throughout, the term "dollar" and the symbol "$" are generic denotations for
currency and do not refer to the currency of any specific country.

4 This section makes use of concepts and formulas developed in greater detail in
Byerlee (1980) and Byerlee and Harrington (1981).
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output prices. Nutrient prices derived from official prices of commercial
fertilizers are frequently used in evaluating experimental results; likewise,
output prices are often "naively" estimated by using official or support prices.
This procedure ignores several elements of the cost of fertilizer as well as of the
gross benefits, all of which must be considered if sound recommendations are to
be developed (Byerlee and Harrington 1981). These elements include costs
associated with applying fertilizer, the cost of capital for purchasing fertilizer,
and costs associated with harvesting the additional yield. When all of these
factors are accounted for, the optimal amount of fertilizer recommended may be
well below the recommendation derived by using naive prices. Thus, when
tailoring recommendations to small-scale farmers, it is important to use
relevant prices, and any means of gaining precision is worthwhile. The
following guidelines for estimating field prices of nutrients and outputs briefly
summarize the more detailed methods given in CIMMYT (1988).

The field price ofthe nutrient is estimated by taking into account all the costs
the farmer must incur to apply one unit of the nutrient. The first step is to
adjust the sale price of the commercial fertilizer in the local store by the cost of
transporting the fertilizer to the farmer's field. The second step is to calculate
the nutrient field price by adjusting the field price of the fertilizer by the
nutrient content.

In addition to the nutrient costs, two other costs are involved in the fertilizer
recommendation: the cost of capital to buy the fertilizer and the cost of labor to
apply the fertilizer. Fertilizer is purchased at the beginning of the cropping
period, whereas the returns to applying fertilizer are received at the end of the
period, usually six to eight months later. Researchers need to estimate these
costs carefully to use the appropriate price ratio in the economic analysis.

When determining lahor costs, care should be taken when family lahor is
involved and opportunity wages have to he estimated. Furthermore, a minor
approximation is frequently necessary, since labor costs are often expressed as
a lump sum per unit ofland and need to he expressed per unit of nutrient.
Given the magnitudes involved in most cases, the error introduced by
approximating labor costs per unit of nutrient is usually negligible and can be
disregarded.

The researcher must also estimate the minimum rate of return acceptable to
farmers in the region (R). This rate approximates farmers' willingness to adopt
a given recommendation and it encompasses the cost of capital as well as a
factor comprising the return to management. When farmers' access to formal
credit may be limited or nonexistent, it is important to estimate the cost of
capital with great care. A more detailed description of how to estimate the
minimum rate of return acceptable to farmers in a region and how to estimate
the cost oflabor to apply fertilizer is given in CIMMYT (1988).

9



In summary, the relevant nutrient price to be used in the economic evaluation
is Po (l+R), where Po =field price of the nutrient =[(PrB + t)/c] + 1, where P rB =
the sale price of fertilizer (e.g., urea), t =the cost oftransporting each unit of
fertilizer, 1=the cost of applying each unit of nutrient, and c =the nutrient
composition of the fertilizer (e.g., 0.46 kg N for every kilogram of urea).

To estimate the gross field benefits, the adjusted yields must be multiplied by
the field price of the output.

It is reasonable to think that farmers will not achieve the same yields as those
obtained in an experimental treatment because of several factors, such as the
level of management, plot size, harvest date, and the way the crop is harvested.
Therefore to derive the adjusted yield the experimental yield must be adjusted
downwards by a coefficient accounting for these factors. CIMMYT (1988)
provides examples ofhow to estimate adjusted yields.

Farmers will incur additional costs as a consequence of obtaining higher yields,
such as costs related to harvesting and shelling. These costs are accounted for
by taking the sale price of the crop at the time and place the farmers sell it and
subtracting all the costs that are proportional to yield (C ), that is, costs that
can be expressed per unit of crop (e.g., costs of harvesting, threshing, and
transporting grain).

With these adjustments the gross field benefits (GFB) are calculated as:

[2.8]

where Y is the experimental yield; a is the downward adjustment for the lower
yield that farmers are likely to obtain, compared to yields obtained from
researcher-managed experiments on farmers' fields; and Po is the field price of
the output, which is equal to the difference between POB' the crop sale price, and
Cy' the sum of all costs proportional to yield.

To summarize, a working formula to compute the relevant price ratio, r, would
be:

r =P
o
(1 + R) / P

o
(1 - a),

r =[(PrB + t)/c + 1] (1 + R) / (POB - Cy) (1 - a). [2.9]

Note that it is more convenient to work with the original yields and make all
the adjustments, including the yield adjustment, to the sale price.

10



Example 2.1: Hesponse of maize to N fet·tilization

This hypothetical example illustrates some of the concepts developed above.
Table 2.2 contains a data set adapted from an experiment of N fertilizer on
maize.

Table 2.2. Maize response to N
(hypothetical example)

The quadratic polynomial model is used at
this stage. (Other functional forms will be
fitted to these data in Chapter 3.)

= 828 + 59.03 N - 0.29 N2
(9.641) (-7.297)***

The resulting estimated equation is
reproduced below and depicted in
Figure 2.3:

(Note: t-values in parentheses; ***,
**, and * denote statistical
significance at 1%,5%, and 10%,
respectively.)

n= 12Adj R2 =0.93

360
2,886
3,066
3,999
3,891
3,171
1,020
2,421
3,255
3,732
3,489
3,465

Yielda

(kg/ha)

o
30
60
90

120
150

o
30
60
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120
150

N
(kg/ha)

1
1
1
1
1
1
2
2
2
2
2
2

Site

a Averages of three replications.

Quadratic
Maize yield
(000 kg/ha)

5.-------------------------------,

4

3

2

1

o
o

16014012060 80 100
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4020
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Figure 2.3. Example of response of maize to N.
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To use this equation to estimate the optimum level of nutrient, the method
explained above was applied using the following data:

Sale price of urea (Pc.) = $0.301kg
Sale price of maize (Po.) = $0.22/kg
Transport cost of urea (t) = $0.03/kg
Yield adjustment (a) = 10%
Cost of one fertilizer application = $5.00/ha
Cost of harvesting, shelling, and

.transporting grain (Cy) = $0.03/kg
NItrogen content of urea (c) = 46%
Minimum rate of return (R) = 100%

The average cost of fertilizer application per unit of nutrient (1) is estimated in
Table 2.3.

To calculate the price ratio, Equation 2.9 was applied to the data given above:

r =
=
=
=

Pn (1 + R) 1Po (1- a)

[1 + (Pc. + t)/c] (1 + R) 1 (Po. - Cy ) (1 - a)

[0.10 + (0.30 + 0.03)/0.46] (1 + 1) 1 (0.22 - 0.03) (1 - 0.10)
9.6.

That is, 9.6 kg of maize are necessary to buy 1 kg ofN-eovering all the costs
that vary, including the cost of capital and management, and providing for the
yield adjustment.

The optimum amount of N is calculated as follows:

N*= (r - bl ) 12 b2

= (59.03 - 9.6) 1(2)(0.29) =86 kg N/ha.

Table 2.3. Average cost of fertilizer application per unit of nutrient

Nadded
(kg/ha)

Number of
applications

Cost of
application

($/ha) ($/kg N)

30
60
90

120
150

1
1
2
2
2

5
5

10
10
10

0.17
0.08
0.11
0.08
0.07
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Example 2.2: Nitrogen fertilization of wheat in Northern Punjab.
Pakistan

A subset of data taken from on-farm experiments described by Hobbs et a!.
(1986) and Razzaq et a!. (1990) is used in this example. The data were obtained
from six fertilization trials conducted during the 1985-86 season on farmers'
fields which had received heavy applications of farmyard manure and were
cultivated using normal tillage technology (shallow plowing). Before being
sown to wheat, all ofthe experimental plots had been in fallow. Although the
experiments involved fertilization with both Nand P, for the sake of simplicity
only treatments with the same level ofP (100 kg pp/ha) are considered here.
Urea (46% N) was the source ofN. Yield results are shown in Table 2.4. The
experiments had no replications within sites, so the site x treatment interaction
cannot be tested ,and each experiment should be regarded as one replication.

Even though researchers are aware that they cannot develop robust
recommendations for the farmers in this domain until trials have been
conducted for three to four years, some preliminary recommendations can be
based on this set of trials.

The following field prices ofN and grain were taken from Razzaq et a!. (1990):
P

n
=5.56 Rs/kg and P

y
=1.40 Rs/kg. These field prices differ considerably from

market prices, as they include costs of transportation and application of
fertilizers, as well as harvesting and threshing costs.

The estimated quadratic equation and the economic optimum are:

Y = bo + bI N + b2N2
= 3,188 + 34.26 N - 0.092 N2

(2.854)*** (-1.690)

Adj R2 = 0.51*** n = 20
N* = 137 kglha

(Note: t-values in parentheses; ***, **, and * denote statistical
significance at 1%,5%, and 10%, respectively.)

Table 2.4. Wheat response to N: example from Northern Punjab, Pakistan

Grain yield (kglha)
Nadded
(kglha) Site 1 Site 2 Site 3 Site 4 Site 5 Site 6

0 3,675 4,525 1,100 2,300 1,750 5,425
70 6,725 7,625 5,100 4,400 4,250 3,750

140 7,562 6,906 5,625 5,850 5,019 5,000
210 7,530 7,065 6,150 6,250 4,750 6,400
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Later, in Example 5.3, these results are compared with those obtained when an
additional output, wheat straw, is included in the analysis.

Two Nutrients

Technical characteristics of response functions

In the case oftwo generic nutrients, Nand P, the concepts of response function
and marginal physical productivity are easily expanded to account for the
second nutrient. These functions are defined as:

and

Y =fCN,P),

MPPn =fn =0 fCN,P)/o N,

MPP =f =0 fCN,P)lo P.
p p

[2.10]

[2.11]

[2.12]

In addition, for the two-nutrient case the concept of cross-marginal productivity
(nutrient interaction) needs to be defined:

iofJ/op = f = of.ofJ/oN = f .\aN) np \op) pn

Yield

Availability ofP

o

Figure 2.4. Production function and
marginal physical productivity in the
two-nutrient case.
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[2.13]

The nutrient interaction (cross
product) term defines how the
marginal physical productivity
of one nutrient changes as the
other nutrient changes. These
concepts are illustrated in
Figure 2.4. Note that in the
two-nutrient case the response
function is depicted as a surface
in a three-dimensional space.
The marginal physical
productivity of each factor
(MPP and MPP ) measures the

n p

slope of the surface, keeping the
other factor at a fixed level. For
example, if nutrient P is fixed
at Po the MPPn measures the
surface slope along the curve
P<A.
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Another concept that is important in the two-nutrient case is the marginal rate
of technical substitution (MRTS) between both nutrients. Consider the two
nutrient response function of Equation 2.10. Total differentiation of this
function gives:

dY = ()f{N,P) dN + ()f{N,P) dP.
aN ap

By definition, dY = 0 along an isoquant, then

f dN +fdP=O.n p

Rearranging terms,

MRTSnp = lIMRTSpn = -dP/dN = fn/fp.

[2.14]

[2.15]

[2.16]

Note that -dP/dN is the slope ofthe isoquant in the PN plane. A geometric and
more intuitive insight of this concept can be gained by considering discrete
changes. Consider the isoquant Yo in Panel A of Figure 2.5, starting at point A
A reduction of nutrient P in L\ P produces a yield reduction to lower yield
isoquant Yt • Then L\ N is the amount of nutrient N that would be necessary to
add in order to restore the same level ofyield, Yo (point B). In this sense, MRTS
measures how "difficult" it will be for one nutrient to restore the level ofyield
which has been reduced by subtracting an infinitesimal amount of the other
nutrient.

The slope of the isoquant and the way the slope changes are important physical
characteristics of the response function. Panel A of Figure 2.5 presents the case
of "imperfect substitutability." In moving from point A to B to C along the yield
isoquant Yo' the farmer reduces the level ofP in constant decrements and has
to add increasingly larger amounts ofN to maintain the yield level, Yo. As P
becomes more limiting the amounts ofN become larger, that is, the slope of the
isoquant becomes smaller.

A
Availability

ofP
Yo

B

Availability ofN

c
Availability

ofP

A

R.J'--- C

o Availability ofN

Figure 2.5. Three cases of marginal rate of technical substitution.
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Panel B of Figure 2.5 shows the extreme case of perfect substitutability. In
moving from A to B to C, the farmer needs exactly the same amount of N to
replace P; thus the slope of the isoquant is constant.

The other extreme case-no substitutability-is illustrated in Panel C. In this
case, where the isoquants form a right angle, the locus of the technically
efficient points is the ray OB, and it is impossible to stay in the same yield
isoquant by decreasing the level of one nutrient and increasing the level of the
other. Points A and C are not efficient in the use of nutrients P and N,
respectively. To increase production in a technically efficient fashion, both
nutrients must be applied in the proportion given by the ray OB.5

A measure of the relative change in the slope of the isoquant is given by the
elasticity of factor substitution (EFS). The EFS is defined as the proportionate
rate of change of the input ratio divided by the proportionate rate of change in
theMRTS:

EFS = _d_(P_IN_)I_(_PIN_)_

d (f/fn) I (fifp)
[2.17]

EFS can be written in terms of the first and second derivatives of the response
function (Allen 1956):

EFS = f f (f N + f P) I N P (2f f f - f f - f f ).np n p npnp npp pnn [2.18]

A response function is said to exhibit a variable elasticity of substitution (VES
response function) if EFS varies along the response surface. IfEFS is constant
over all of the response surface, then it is said that the function exhibits a
constant elasticity of substitution (CES response function). In general, VES are
preferred to CES response functions on agronomic and biological grounds of
flexibility,

Response functions with an isoquant pattern such as that in Panel B of Figure
2.5 have infinite EFS, whereas in Panel C, EFS = O. In cases of imperfect
substitutability (Panel A), EFS takes a value between zero and infinity, and its
magnitude is given by the curvature of the isoquant.

The concept of substitutability of nutrients is frequently confused with the
concept of interaction, which is related to the technical interrelationship
between nutrients. Although the name might suggest otherwise, interaction
does not necessarily imply either direct or indirect action between nutrients in
the soil-plant system. Interaction between two nutrients can be defined as a
differential response to one nutrient at different levels of the other. According
to this definition, most of the functions used to model the response of crops to
more than one nutrient admit some degree of interaction.

5 Note that the ray OB does not necessarily pass through the origin when dealing with
applied nutrients.
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For example, the cross-product tenns in the polynomial functions are called the
interaction tenns. However, polynomial functions can display substitution
effects between nutrients even if the interaction term is excluded from the
equation. In fact, a two-nutrient polynomial function without an interaction
tenn can still express substitution between nutrients.

The concept of substitution has been interpreted in various ways. According to
plant nutritionists, substitution implies that one element is a true proxy for
another with respect to its functions within the plant. This concept is
incompatible with classical and strict criteria of nutrient essentiality (Epstein
1972, Mengel and Kirkby 1982), so plant nutritionists naturally reject the
implication that essential nutrients such as Nand P can physiologically
substitute for one another. On the other hand, agricultural economists use the
term "substitution" to refer to an apparent proxy between nutrients, that is, a
proxy that appears to exist in the response of a crop to different levels and
combinations of fertilizers. In this paper, therefore, "substitution" should not be
interpreted to mean that the plant is actually substituting nutrient P for
nutrient N in a biological sense. Rather, it simply means that changes in yield
are achieved by smooth changes in the proportion of nutrients.

Certain processes in the soil-plant system involve the direct-either positive or
negative-action of one nutrient over the availability of another. Such
processes frequently involve both interaction and substitution. Some of the
most well-known examples are the interactions between Nand P, N and Fe
(Hageman 1980), and P and H20 (Nelson 1986). The chemical form ofN being
applied can affect the availability of P and Fe by modifying the pH in the
rhizosphere (the soil immediately surrounding the root system): ammonium
sulfate tends to lower the pH of the rhizosphere, whereas sodium nitrate tends
to raise it (Riley and Barber 1969, Smiley 1974, Nye and Tinker 1977). The
interaction between the nutrients P and Hp can be explained by a greater
mobility ofP in the soil when its water content increases. Agronomists and soil
scientists refer to all of these phenomena as interactions, in the sense that
differential responses to different combinations of factors are observed and
interpreted as the direct action of one nutrient upon another.

The technical relationship between nutrients is related to how the marginal
productivity of one factor is affected by changes in the other factor. Hence, it is
possible to distinguish three kinds of technical relationship between nutrients
(illustrated in Figure 2.6), depending on the sign and magnitude of the cross
partial productivity:

af lap = aflaN = f = f .
n p np pn

[2.19]

Case I: Technically complementary nutrients-If f
n

= f n > 0, then Nand
P are technically complementary. That is, the increase iri the" use of N implies
an increase in the marginal physical productivity ofP, and vice versa (the
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marginal physical productivity ofN increases with additional amounts ofP, as
in Panel A of Figure 2.6). The complementarity becomes obvious if we recall
that the MPPn gives the marginal increase in output produced by the last unit
of the nutrient N.

Case ll: Technically independent nutrients-If fnp =f =0, the nutrients
are technically independent of each other. That is, a chang: in either N or P
does not alter the marginal productivity of the other nutrient (Panel B).

Case ill: Technically competitive nutrients-Iffn =fpn < 0, then the
nutrients are technically competitive. That is, the addition of one of them would
cause the marginal physical productivity of the other to decrease (Panel C).

Economics of crop response
to fertilizer under generalized capital constraints

In the two-nutrient case, profits to be maximized are expanded to incorporate
the definitions ofthe response function, ft:N,P), and total costs that vary, Pn N +
Pp P. In this case the function to be maximized is:

[2.20]

Maximization of Equation 2.20 yields the following first-order conditions:

[2.2].]

and

[2.22]

That is, profit maximization requires that the value of the marginal physical
productivity of each nutrient be equal to its respective marginal factor cost
(nutrient price) times (l+R).

A

Availability ofN

B

Availability ofN

c

Availability ofN

Figure 2.6. Technical relationships between nutrients.
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[2.23]

Dividing both sides of Equations 2.21 and 2.22 by their respective marginal
factor costs allows the conditions to be written as:

Pl/Pn = Pl/Pp = 1 + R.

Equation 2.23 says that the ratio of the value of the marginal physical
productivity to the marginal factor cost for each nutrient must be the same and
equal to one plus the minimum rate of return. This means that the last dollar
invested in each nutrient must yield the same dollar weighed by the
investment cost (1+R).

The optimum quantities of nutrients N* and p* are found by simultaneously
solving Equations 2.21 and 2.22. Substituting these optimum levels into the
profit equation (2.20) provides the optimum profit levels:

1t* = P ftN*,P*) - (P N* + P P*) (1 + R) - TCNV.o n p
[2.24]

It should be noted that N* and p* are functions of the relevant price ratios,

and

Example- 2.;~: He-sponse- of whe-at to Nand P in Pampa Humeda.
A,'gentina

The data for this example (Table 2.5) were taken from one of several
experiments conducted by Senigagliesi et al. (1983) on farmers' fields. Only the
quadratic polynomial model is fitted here, although these data will be used
again in Chapters 3 and 4.

Regression analysis

= 3179 +15.72 N + 24.73 P - 0.0967 N2 - 0.1972 p2 + 0.1097 NP
(3.024)*** (3.172)*** (-2.471)** (-2.240)* (2.495)**

Adj R2 = 0.90 n=13

(Note: t-values in parentheses; ***, **, and * denote statistical
significance at 1%,5%, and 10%, respectively.)
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Table 2.5. Wheat response to N
and P: example from Pampa
Humeda, Argentina

Nutrient added
(kg/ha)

o
o
o

30
30
60
60
60
90
90

120
120
120

o
40
80
20
60
o

40
80
20
60
o

40
80

Wheat yielda
(kg/ha)

3,322
3,692
3,782
4,109
4,849
3,514
4,502
5,143
4,586
5,096
3,735
4,900
5,372

Although "PP5" is not the
scientifically accepted notation for the
nutrient phosphorus, it is used in
these examples because the numbers
in the source papers were in this
form. For simplicity, however, the
letter P is used to represent P20 5 in
the regressions and equations.
Expressing phosphorus doses in
kilograms per hectare of the element
P (instead of the oxide PP5' which
does not exist in nature in a stable
form) is strongly recommended for
future work. The conversion factor
from kilograms of P to kilograms of
PP5 is 2.29. Example 4.2 in Chapter
4 uses the correct notation, both in
the equation and the recommendation
chart (Table 4.4).

Economic analysis

Source: Senigagliesi et al. (1983); data
from an experiment conducted in 1982
at "9 de julio" (site 58).
a Average of two replications.

Assuming that the field prices ofN,
PP5' and wheat are Pn = $0.45lkg,
P

p
=$0.50lkg, and Po =$0.12lkg, the

relevant price ratios for a = 0.10 and
R = 100% would be rn = 8.33 and
r p =9.26.

The economic optimum can be derived by algebraic manipulation of the system
of simultaneous equations f =rand f =r , as follows:n n p p

N* = 2 b22 (rn - bI) - bI2 (rp - b2)

4 bll b22 - b~2

(2) (-0.1972) (8.33 - 15.72) - (0.1097) (9.26 - 24.73)
N* = =72 kg N/ha

(4) (-0.0967) (-0.1972) - (0.1097)2

(9.26) - (24.73) - (0.1097)(76) .
p* = (2) (-0.1972) =59 kg P20/ha
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Sensitivity analysis

From the first-order conditions of Equations 2.21 and 2.22, it is clear that the
optimum amount of nutrient will change as relative prices change. In the case
of a single nutrient, for example, note that if r =PiPa increases as a result of
non-proportional changes in P

n
and Po' then the optimum level of nutrient N*

will decrease, and vice versa.

The sensitivity ofthe optimum levels of nutrient to a given change in relative
prices will depend, ceteris paribus, on the curvature ofthe response function.
Figure 2.7 shows three different examples of sensitivity to price changes. The
response function in Panel A presents a relatively high price sensitivity; Panel
B shows a relatively small degree of price sensitivity. Panel C shows a linear
response and a plateau; in this case, the optimum level of nutrient should be
either N* =0 ifi- is larger than the slope of the linear response, like r2, or
N* =Nc (the point where the response reaches the plateau) ifr is smaller than
the slope of the linear response, like ro or r i .

In summary, the sensitivity ofthe optimum amount of nutrient to relative price
changes will depend on the magnitude ofthe relative price change as well as on
the shape of the response function in the relevant range.

Another issue which must be taken into account is the sensitivity of the
optimum profit level to changes in the amount of fertilizer applied. Jardine
(1975) has emphasized that, near the optimum, the differences in profits, at
least for some functional forms, are small enough for a recommendation to be
valid as a range rather than as a single optimal amount. Anderson (1975) and
Godden and Helyar (1975) have noted that the insensitivity of profits around
the optimum input level must be interpreted in a relative sense. For example,
Godden and Helyar (1975) found that a 30% change in the optimal fertilizer

Yield
A

Yield
B

Yield
c

Figure 2.7. Sensitivity of the optimum amount of nutrient to the curvature of
the response function.
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rate induced a decline in return of approximately $8.00/ha, which represented
20% of the gross margin as defined by Jardine and 35% ofthe gross margin as
defined by themselves.

The central point in the discussion about insensitivity of profits is, however,
the importance for the farmer of the amounts involved. It is also important that
the researcher be aware of the insensitivity problem and use it in the process of
making a recommendation. As Anderson (1975) observes, "in most instances,
relatively little expected financial gain is sacrificed by using lower levels of
inputs than the maximizing levels." Therefore, the researcher should err on the
conservative side.

Optimum Fertilization Levels
under Specific Capital Constraints

Up to this point the analysis has assumed that there is no restriction on the
amount offertilizer that the farmer can apply. However, farmers in developing
countries often face constraints limiting the amount of fertilizer they can buy.
Although these restrictions may take several forms, the shortage of cash
(working capital) is one of the most common. The examples that follow
illustrate this limitation for the one- and two-nutrient cases.

One nutrient

Maximize:

1t =Po fiN) - PnN (1 + R) - TCNV,

subject to

Pn (1 + R) N ~ M.

[2.25]

[2.26]

Figure 2.8 shows the solution to this problem. The unrestricted solution (No, Yo)
generates a profit level, 1to' for a farmer with a response function Y =fiN) given
a price ratio, r.

The vertical lines, M1 and M2, represent two levels of restrictions in the amount
of nutrient the fanner can afford to buy. Ifthe restriction holds at level Ml' the
optimum choice is still No, similar to the unrestricted case, and the constraint
is not binding.

On the other hand, if the restriction is at M2, then the farmer will apply
additional amounts of nutrient attempting to reach No until reaching M2 =Nl'
which gives the maximum profit attainable (1t

1
) given the restriction imposed

by the capital constraint. In this case the constraint is binding.
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by the capital constraint. In this case the constraint is binding.
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The profit level attained when the constraint is binding is smaller than the
profit level attained when the constraint is not operative, that is, 1t1 < 1to'

In mathematical terms, the problem consists in solving the following
Lagrangean function:

Maximize L = Pofl:N) - PnN (l + R) + A(M - PnN (1 + R)]. [2.27]

Solving this problem renders the following first-order conditions when the
capital constraint is binding:

or

[2.28]

That is, at a point such as B in Figure 2.8, the value of the MPP
n

of the
nutrient is equal to the marginal factor cost weighted by the factor (l + A.). The
Lagrangean multiplier A. is a measure of how the optimal value of profits
changes as a consequence of a small relaxation of the constraint, dn/dM.

Hthe constraint is not binding, A. =O. Then the unrestricted first-order
condition Pin =Pn(l + R) holds (point A in Figure 2.8).

Yield slope = r

""'1.--
--~~;;;;::::~~,..._-----......._ y =fl:N)

----

N added

Figure 2.8. Profit maximization subject to a capital constraint in the
one-nutrient case.
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Two nutrients

The constrained-decision problem is easily extended to the two-nutrient case.
Assuming an interior solution (isoquant convex to the origin, not touching the
axes) the problem can be solved by maximizing the following classical
Lagrangean problem:

Maximize L =f(N,P) + A [M - (P N + P P) (l + R)].
n p

Solving this problem gives the condition that:

[2.29]

[2.30]

which can also be derived from the first-order conditions given by Equations
2.21 and 2.22.

Figure 2.9 shows the problem diagrammatically. A point such as A satisfies the
condition given by Equation 2.30. Points B or C represent nutrient
combinations for the same total costs that vary as point A (since they are in the
same isocost line) but which produce less yield. Or, in the terminology ofthe
CIMMYT manual on economic analysis (1988), points Band C represent
"dominated" treatments.

Padded

Figure 2.9. Profit maximization
problem subject to a capital constraint
in the two-nutrient case.

MIP
p

o MlP
n

N added

It can be shown that point A
represents the minimum TCV of
producing yield level Y/
Compare point A with points in
the same isoquant, such as D and
E. These other points represent
nutrient combinations that
produce the same level ofyield
but at a higher cost than the
treatment represented by point A
(since they lie on isocost lines to
the right of the line passing
through A). These points
therefore also correspond to
dominated or inefficient
treatments.

6 In this case, the optimization problem should be one of minimizing TCV subject to
the production function restriction that YI =fCN, P).
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The Expansion Path

By varying the level of the budget restriction (and the TCV in the two-nutrient
case), and then solving the constrained maximization problem for each level of
the restriction, it is possible to find the set of efficient points-the expansion

path-for the firm as the capital
constraint is relaxed.

Padded

Equation 2.30 states that the
marginal rate of technical
substitution between Nand P
must be equal to their price ratio.
This condition defines the input
expansion path as the line joining
isoquant points where the
marginal rate of technical
substitution (isoquant slope) is
equal to the input price ratio
(Figure 2.10). The equation of the
expansion path can be found by
factoring Equation 2.30 in terms
of one of the nutrients and their
price ratio:

P =g(N,P IP)
n p

N added

Figure 2.10. Expansion path in the two
nutrient case.

p* = g(N* PIP)., n p [2.31]

For example, the expansion path equation for the quadratic fit of Example 2.3
(the response of wheat to Nand P in Pampa Humeda, Argentina) can be derived
as follows:

b i + 2bllN* + b12P* Pnflf= = -n p
b2 + 2b22P* + b12N* Pp

p* =
b2Pn - blPp +

bI2Pn - 2bllPp
N*

bI2Pp - 2b22Pn bI2Pp - 2b22Pn

(24.73)(0.45)-(15.72)(0.50) (0.0197)(0.45)-(2)(-0.0967)(0.50)
= + N*.

(0.1097)(0.50)-(2)(-0.1972)(0.45) (0.1097)(0.50)-(2)(-0.1972)(0.45)

p. =14.1 + 0.63 N*.

This linear relationship is represented in Figure 2.11. Note that the expansion
path actually starts at the origin and moves along the P axis up to the P
intercept.
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The Response Function and the Recommendation Domain

The response function is a quantitative relationship which describes in physical
terms the maximum yield attainable for all alternative combinations of
nutrients.

Let Yt represent yield measured in physical units per unit ofland (e.g., kg/ha)
and Nit (i =1, ... , I) represent a vector of! generic nutrients7 available to the
plant in the soil at a given time, t. The general response function can then be
written as:8

[2.32]

where XJt represents a vector ofJ (j =1, ..., J) inputs and services that affect
the response and are under the discretionary control of the farmer. Examples
of~ include variety, rotation, and weed control. SIrt is a vector ofK (k =1, ...,
K) variables that affect the response and are known or can be measured at the
beginning of the production cycle but are not under the farmer's control (a
typical entry for this vector is soil type). ~t is a vector of L (l =1, ..., L) random

Quadratic
P20 5 added

(kg/ha)
100 ......---------------------,

Wheat yield (kgIha)

80

60

40

20

1008040 60
N added (kg/ha)

20
o~---....,;;::------.;;;;:;---......---- ......---....,

o

Figure 2.11. Expansion path of the quadratic fit in Example 2.3.

7 Although the analysis is general to I nutrients (variables), here it is restricted to two
generic macronutrients (N and Pl.

8 Adapted from Byerlee and Anderson (1969).
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climatic or pest incidence variables, which the farmer cannot control and which
are not known to the farmer with certainty at the time of decision making. A
typical variable for ~t is rainfall.

This classification should not be considered a rigid one. For example, a fixed Xjt
variable, such as the previous crop, cannot be modified at the time the farmer
makes a fertilizer decision. In this respect, the X't variable is similar to an Skt
variable. J

The strategy of OFR radically changes the approach to soil fertility problems,
compared to the ways these problems are addressed by traditional soil fertility
projects (conducted either at the national or regional level and often under the
aegis ofinternational organizations). The three characteristics of OFR that are
responsible for this departure are:

1) Small-scale farmers are the clients of OFR.

2) Information collected from farmers is used in setting research priorities.

3) Recommendation domains are used to determine who is most likely to
benefit from the results of research. (A recommendation domain is a group
of farmers facing a set of agroeconomic circumstances similar enough for
the same recommendation to be appropriate for all farmers in the group.
For a more thorough treatment of this topic, see Harrington and Tripp
1984).

The recommendation domain is specific to a particular problem and its solution.
A recommendation domain consisting of farmers whose maize suffers from a
nitrogen deficiency is not necessarily the same as a domain of farmers having a
weed problem. Furthermore, within the group of farmers who have nitrogen
deficient soils, the appropriate solution may vary according to differences in the
farmers' circumstances (for example, the level of cash available to different
farmers to purchase fertilizer). Then it becomes necessary to redefine the
original recommendation domain, dividing it into as many new
recommendation domains as there are solutions that might be appropriate.

In the case of fertilizer response trials, the recommendation domain provides a
framework within which the variability among locations is somewhat less than
in trials set out for more traditional, larger scale soil fertility projects. In other
words, the experiments within a recommendation domain are expected to show
a higher degree of homogeneity, because some of the more important factors
affecting fertilizer response patterns will have a relatively uniform value for
each recommendation domain. Differences in the fertilizer response patterns
among sites that have differences in non-random, known factors (such as slope,
soil type, crop rotation, and land tenancy) are accounted for by defining
separate recommendation.domains.
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For example, maize grown in the tobacco-maize and maize-maize rotations in
San Andres, Panama responds differently to fertilization. Maize in the maize
maize rotation responds more to fertilization than maize sown after the cash
crop, because on the cash crop farmers use a generous amount of fertilizer,
which is carried over in subsequent cycles and helps build up and maintain
higher soil fertility levels. A similar response is seen in the maize-maize and
vegetable crop-maize rotations in areas of Central America producing fresh
vegetables for cities nearby.

A more complex example is provided by the response of wheat grown on
different land types and after different crops in the rainfed areas of Northern
Punjab, Pakistan. Different recommendations can be derived for farmers whose
wheat fields are close to the village and receive heavy applications of farmyard
manure, compared to farmers whose fields are far from the village and receive
only chemical fertilizers. These two domains can be further subdivided if the
rotation with maize or fallow on either land type is taken into account. Thus
four recommendation domains could be tentatively obtained:

1) Wheat after maize in fields that receive farmyard manure;

2) Wheat after fallow in fields that receive farmyard manure;

3) Wheat after maize in fields that do not receive farmyard manure; and

4) Wheat after fallow in fields that do not receive farmyard manure.

Basically, one soil fertility model is necessary to derive recommendations for
the farmers in each recommendation domain. However, the possibility of
performing a combined analysis of experimental data from different
recommendation domains should not be ruled out, if exogenous variables such
as land type and previous crop are appropriately included in one general
model. Under some circumstances, tests for structural changes in the response
might show no statistically significant differences between recommendation
domains, in which case a single recommendation could be derived for all of the
farmers. In other circumstances, the tests might indicate that it is necessary to
have a different equation for each recommendation domain, with corresponding
conditional recommendations. There is also the intermediate possibility that
only one general model is needed, but that farmer recommendations will still
vary among domains. (The development of general models for farmer
recommendations is covered in Chapter 4.)

Although it is possible that different prices faced by different groups offarmers
with the same technological problem/solution could result in the definition of
different recommendation domains, in this publication a recommendation
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domain encompasses a group of farmers with the vectors X.. and S.. similar
enough to allow the response function to be approximated by a single function:

[2.33]

Figure 2.12 illustrates two response functions for i = 1 (the one-nutrient case).
The two functions correspond to two different recommendation domains, one
defined by Xjt and Sw and the other by X~ and S:c

The random and unknown variables, R,t' cannot be used to define
recommendation domains without some measure ofthe probability of their
occurrence. For instance, when different locations within a larger region can be
classified according to different climatic characteristics (e.g., the low-, medium-,
and high-rainfall zones in the wheat-growing areas of Northem Punjab),
different recommendation domains can be identified based on the amount of
rainfall expected. However, within each recommendation domain rainfall
remains a random and unknown variable. It should be noted that the omission
of a relevant variable such as rainfall produces biased coefficients in the
estimated equation for the general model (Colwell, Suhet, and van Raij 1988).

Yield Y

Availability of nutrient N

Figure 2.12. The response function and the concept of recommendation
domain.
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Soil Fertility Variables

Nutrient availability in the soil at sowing can be an important site variable
affecting the response to fertilization.

Consider first the case of only one site, for which the response function is
written as a function solely ofnutrient availability:

[2.34]

and

[2.35]

Equation 2.34 represents the direct relationship between yield and the total
nutrient available in the soil during crop cycle t (Nit)' Equation 2.35 relates the
amount of the total nutrient available in a given period, t, to its different
sources: soil (Nsit) and fertilizer (N~t) nutrient. Figure 2.13 illustrates this
simplified response model and also links period t and period t-1 through the
carry-over function, h(Nit.1). The carry-over function describes the link between
the amount of nutrient available in period t and the amount of nutrient
available in period t-1, which in turn is a function of soil and fertilizer nutrient

ft.,)

Period t-1 Period t

Figure 2.13. Simplified scheme of the general response model with carry-over
effects.

30

Soil Fertility Variables

Nutrient availability in the soil at sowing can be an important site variable
affecting the response to fertilization.

Consider first the case of only one site, for which the response function is
written as a function solely of nutrient availability:

[2.34]

and

[2.35]

Equation 2.34 represents the direct relationship between yield and the total
nutrient available in the soil during crop cycle t (Nit). Equation 2.35 relates the
amount of the total nutrient available in a given period, t, to its different
sources: soil (Nsit) and fertilizer (N~t) nutrient. Figure 2.13 illustrates this
simplified response model and also links period t and period t-1 through the
carry-over function, h(Nito!). The carry-over function describes the link between
the amount of nutrient available in period t and the amount of nutrient
available in period t-1, which in turn is a function of soil and fertilizer nutrient

f( .. )

Period t-1 Period t

Figure 2.13. Simplified scheme of the general response model with carry-over
effects.

30



in period t-l-that is, (Nsit_1) and (N~t_l)' respectively. The carry-over function
h(..) encompasses direct and indirect processes, whereas the function g(..) pools
both the amount of nutrient applied as fertilizer in a given period and the
amount of soil nutrient available before the fertilizer application.

The functions g(..) and h(..) are complex, involving a variety of chemical and
biological processes. These processes are heavily dependent on site-specific
conditions, and it is very difficult to model them under practical circumstances.

Most of the literature in response analysis has stated the theoretical response
model in terms of response to nutrient availability-that is, in terms of the
vector Nit-whereas most empirical estimates have been done with applied
nutrients-for example, in terms of the vector N~t' assuming that the vector
NSit is kept constant. The vector NSit may be known or unknown to the farmer
at the time of decision making.

In the sections that follow, the relationship between Nit' Nsit, and N~t [function
Nit =g(Nsw N~t)] is extended to more than one site, still under the restriction
that the response function be written as a function of nutrient availability only
(Equations 2.34 and 2.35).This assumption will be relaxed in Chapter 4 in the
development of a general model for deriving farmer recommendations.

As mentioned above, for rainfall or any other relevant variable, omitting an
appropriate soil fertility index produces biased coefficients in the estimated
equation. Although the use of soil test variables may not be practical for
making conditional recommendations under most circumstances in developing
countries, such variables should be included in the analysis of OFR
experiments to derive a general model with unbiased estimates of the
coefficient. After reviewing some difficulties which may be encountered in
estimating fertilizer response functions, Anderson (1967,1968) concludes that
soil testing should always accompany fertilizer response work to develop
recommendations based on response functions with less unexplained variation
and wider applicability.

In situations of either well-defined or extreme nutrient deficiency or
sufficiency, most soil tests will provide a reasonable approximation of soil
fertility levels. However, soil scientists recognize that soil tests and soil testing
programs frequently fail to predict how a given crop will respond to fertilization
over a wide range of soils and conditions (Cate and Nelson 1971; Barber 1973;
Baker and Amacher 1981). Even locally calibrated soil tests do not account for
an important part of the variability in plant response, especially at
intermediate soil fertility levels.

Three main issues arise in OFR when researchers attempt to use a soil fertility
variable to explain part of the variability in the experimental data: first, which
soil fertility index, or soil test, to select; second, which mathematical
specification to use to incorporate the soil fertility variable in the model; and
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third, whether to use the model for deriving farmer recommendations in areas
where soil testing is not practical. The third issue is common in developing
countries, although in some areas farmers do have access to private or
government laboratories.

Two review articles dealing with the inclusion of soil fertility variables in
response analysis have been published by Nelson, Voss, and Pesek (1985) and
Nelson (1987). According to these authors, there are two major approaches.
One is the covariance approach, in which the soil nutrient is treated as any
other variable in a polynomial equation. The one-nutrient, quadratic model
would appear as:

[2.36]

where Nrrefers to fertilizer and N. to soil nutrient. In reality, a soil test
variable (t) is used as a proxy for soil nutrient (NJ

Although the covariance approach has been used by a number of researchers,
one of its limitations is that general models can become large, intractable, and
conceptually difficult to interpret (Colwell, Suhet, and van Raij 1988).

The other approach, the total nutrient approach, is based on the model
proposed by Hildreth (1957) and later used by Anderson and Nelson (1971) and
Mombiela, Nicholaides, and Nelson (1981). In this approach, soil nutrient (N.)
and fertilizer nutrient (Nr) are combined into a single variable, the "total
nutrient" (N). If an additive relationship between N. and Nris assumed, N is
defined as:

[2.37]

The unknown N. value is expressed in the same units as Nr-for example,
kglha-and either 1) replaced by a proxy, dn, which can be estimated with
different procedures, or 2) replaced by a proxy equation such as dn=ao + a1 tn'

The estimation of dn can be done in different ways:

1) For quadratic and square root equations, dn can be readily estimated as the
absolute value of the N level corresponding to Y=O.

2) For transcendental and translog equations, dncan be estimated with a non
linear statistical procedure. Mombiela, Nicholaides, and Nelson (1981) used
such a procedure for the Mitscherlich equation.
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In the two-nutrient case, the quadratic and square root functions do not allow
for an estimation of dnand d

p
' because in quadrant III of the Cartesian plane

there are infinite combinations of negative Nand P levels corresponding to
Y=0. The transcendental and translog functional forms do not present that
problem.

In choosing between the total nutrient approach and the covariance approach,
the following guidelines may be useful:

• In one-nutrient cases, the total nutrient approach can be used without major
computational difficulty, compared to two-nutrient cases. In some one
nutrient cases the total nutrient approach performs better than the
covariance approach with regard to both goodness of fit and significance of
agronomically relevant coefficients. Thus, the total nutrient approach is
recommended for some one-nutrient problems,9 while the covariance
approach is preferred for two-nutrient problems.

• In both approaches either the translog or the transcendental flexible
functional form performs more satisfactorily than the quadratic or square
root form.

Another approach, developed by Colwell and coworkers over decades of
research, is summarized in Colwell, Suhet, and van Raij (1988). Although this
approach for developing general soil fertility models may be too sophisticated
for the practice of OFR in some instances, it displays two highly desirable
features. First, it properly handles the lack of orthogonality that is virtually
always present in general models that relate yield, fertilizer rates, and site
variables. Second, conceptually meaningful equations are developed using
different aspects of soil fertility as compared to the very large equations that
result when the traditional covariance approach is used with quadratic or
square root models. (Note, however, that the total nutrient approach also
possesses this second advantage.)

Another appealing possibility is to use a critical level, Tn' to divide soil test
values into two categories, and then use a dummy variable to distinguish
between soils with a high probability of response and soils with a low
probability of response. Two slightly different criteria for estimating critical
levels have been suggested by Cate and Nelson (1971) and Jauregui and Llop
(1984).

9 The researcher must decide whether to use the total nutrient approach or the
covariance approach in a particular one-nutrient case depending on the
computational facilities available and, when this is not a limiting factor, on the basis
of the relative performance of each model for the particular set of data.
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In recommendation domains where farmers can afford to have their soils
analyzed in reliable, efficient laboratories that operate on a large scale, the soil
fertility variable can be used with one of the approaches mentioned above. In
this case the recommendation will be conditional-that is, the level of nutrient
to be added will be conditional upon the soil test value.

But often soil testing is impractical for some reason-for example, there are no
laboratories in the vicinity, the laboratories are too expensive for small-scale
farmers, the laboratories are unreliable or slow, or they operate on a scale too
small to satisfy the needs of all the farmers in the recommendation domain. In
that case, two different approaches can be taken.

In the first approach, the use of a relevant soil fertility variable remains limited
to the experimental stage, with the secondary objective of having unbiased
estimates for the coefficients of the rest of the explanatory variables in the
model. An estimate of the average soil test level (T) is used to compute a
blanket, non-conditional recommendation for all farmers who face similar
circumstances (except for initial soil fertility). The value of Tn can be estimated
using the information gathered at the initial OFR stages or by conducting an
ad hoc survey for that purpose.

In the second approach, soil testing is not performed and the general model is
fitted with non-linear techniques to estimate dnand d using a function such as
the transcendental function. Once the values of dnand d

p
are estimated, an

ordinary least-squares regression can be performed using the newly generated
variables N+dnand P+d

p
• This procedure will be appropriate for deriving robust

recommendations that are not conditional on soil test variables.
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3
Choice of Functional Form

The Problem of Selecting a Model

Current biological and agronomic knowledge cannot support the use of one
specific functional form to represent a true response model. In this sense, the
period beginning when fertilizer is added to the soil and ending when yield
data are gathered can be regarded as a ''black box," inside which some known
and many unknown processes are integrated. As Sanchez et al. (1981) mention,
"the issue of response model selection has been long and often vigorously
debated," and "the number of models that have been proposed is staggering."

Numerous studies have compared response functions. A study by Abraham and
Rao (1966) considers the Mitscherlich-Baule, generalized Cobb-Douglas,
Balmukand-Maskell, quadratic polynomial, and square root polynomial
equations, which are fitted to data from several Nand P factorial experiments
on rice in India. The economic analysis gave optimum Nand P levels that were
relatively similar from one model to another for some experiments but differed
substantially for others. The quadratic polynomial function estimated the
highest optimum doses in some cases, and the Mitscherlich equation gave the
second highest estimate. But for other experiments the highest doses of N
and/or P were derived from the Mitscherlich function rather than the quadratic
polynomial. The authors' conclusions, based on these results as well as the
goodness of fit, tests of hypotheses about model parameters, and the ease offit,
favor the use of the quadratic polynomial function.

Sanchez et al. (1981), aware of the difficulties in settling the long-debated issue
of selecting an appropriate response model, adopt an economic criterion called
"profit predictability" to compare alternative equations derived from field
experiments. This criterion can be stated as follows: If, after a set of
experiments, models ft:N) and g(N) dictate the use of fertilizer levels N; and N;,
respectively, the best model will be that which most frequently gives the
highest profit in a new series of experiments designed for comparing levels N;
and N". Sanchez et al. compared the profit predictability of the quadratic
polyn~mialand linear response and plateau models in 60 fertilizer experiments
with maize in Brazil, and found no significant difference between them.
Although cautious about generalizing on the basis ofthis finding, Sanchez et
al. suggest that "perhaps the response model does not really make much
difference."

In a more recent study, Tronstad and Taylor (1989) performed an economic and
statistical evaluation of 15 functional forms (including the quadratic, square
root, transcendental, generalized Cobb-Douglas, and Liebig functions) and
three estimation procedures (sum of squared errors, generalized least squares,
and minimum absolute deviations). They examined the error structure of each
functional form and could not assert that any single functional form was
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superior. However, these authors observe that the forms conventionally used in
agricultural production economics studies-especially the quadratic, Cobb
Douglas, and CES functions-do not seem to fit as well as forms that allow for
a yield plateau or an asymptotic plateau.

A critical review by Nelson, Voss, and Pesek (1985) of functional forms used in
fertilizer response analysis includes polynomials of various degrees, inverse
polynomials, Cobb-Douglas, spline functions, the Mitscherlich equation and its
modifications, and Balmukand equations.1 These authors conclude that no
single model can be recommended for all situations and that, regardless of the
selection procedure used, the researcher can only hope that the "best" model
has some agronomic rationale and produces estimates of economic optima that
are reasonably free of bias.

Practically every model that has been used in fertilizer response studies
displays positive and negative features, and the goodness of fit so commonly
evaluated through the coefficient of determination (R2 and adjusted R2) does
not by itself provide sufficient support for selecting anyone model over
another. Several authors have pointed out that similar R2 values are often
obtained with very different response functions (see, for example, Colwell,
Suhet, and van Raij 1988 and Sanchez et al. 1981). But the choice of model does
appear to have a considerable effect on the estimates of optimal fertilizer rates
(Nelson, Voss, and Pesek 1985). This point is illustrated with an example later
in this chapter.

There are substantial differences in the relative importance that each
functional form gives both to the information conveyed by the data and to the
hypothesis maintained by the model. A model such as Mitscherlich's will
provide a concave fit irrespective of whether the data show a concave, linear, or
convex distribution pattern. On the other hand, discrete economic analysis
using yield averages is model-free and gives the data full weight. Similarly, in
a cubic spline function with a large number of knots, the larger the number of
knots, the more weight is given to the data, compared to previous assumptions.
Between these two extremes are the quadratic and the square root
polynomials, which place some weight on the data and some on the model's
structure. (However, the quadratic polynomials possess undesirable
characteristics such as symmetry and point-maximum.)

An ideal functional form is flexible enough to capture all of the information
conveyed by the data set, except for stochastic aberrations of local convexities
and concavities associated with local maxima, minima, and inflection points,
other than those allowed by the response function of Figure 2.1. However, the

1 The last three groups of models are too impractical for developing a general model
that includes several types of variables, such as one or two fertilizers, soil type,
rainfall, crop rotation, and initial nutrient availability in the soil. Spline functions
are discussed in some detail in Chapter 5.
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quality of the data also must be considered. As Colwell (1978) observes, poor
data should not deter researchers from using "the best computing procedures
available," but poor data cannot support strong arguments about whether one
or another functional form is best.

There are alternatives to the more or less arbitrary choice of a polynomial
function to represent the response to fertilization, including the very flexible
Box-Cox transformation (Draper and Smith 1981, Johnston 1984), the random
coefficients model (Swamy et al. 1988a and 1988b), and the flexible linear
quadratic response and plateau (LQP) model (Jauregui and Paris 1985). These
models are characterized by their ability to capture different combinations of
response stages (Figure 2.1), but because they can also be highly demanding
with regard to experimental design (for example, the LQP model requires a
large number of treatment levels) as well as computational skills, time, and
familiarity with these functions, they are beyond the scope of this paper.

The functional forms used in the examples that follow are the quadratic, square
root, transcendental, and translog polynomials. The quadratic function has
been widely used (Heady 1952 and 1981; Heady and Dillon 1961; Mead and
Pike 1975; Nelson, Voss, and Pesek 1985) because it is easily generalized to
models with more than one nutrient and it allows for easy interpretation of
linear, curvilinear, and interaction effects. The negative features of the
quadratic function are its symmetrical response pattern and its poor
representation of a plateau.

The square root model frequently has been favored as a reasonable choice
which does not have the undesirable features of the quadratic function (Heady
et al. 1961; Jonsson 1974; Mombiela and Nelson 1980; Nelson, Voss, and Pesek
1985; Colwell, Suhet, and van Raij 1988). In some two-nutrient cases, however,
the square root model does not work well, as illustrated in Example 3.2 below.

Fitting the other two models used in the examples requires a log trans
formation of the data. This should not be problematic, but if one attempts to
compare models the R2 or adjusted R2 values of these functions cannot be
directly compared with those of the quadratic or square root because the
dependent variable is not the same. This problem can be overcome by using the
procedure described by Gujarati (1988, p. 183), which is to correct the R2 in
terms of the same dependent variable.

The translog function is a promising alternative because of its flexibility,
although the economic optima must be estimated numerically, which
should not pose a major problem if the appropriate computer hardware and
software are available. Also, in the case of two nutrients the translog function
can be fitted excluding the two quadratic terms, resulting in considerably
fewer variables although sacrificing some flexibility. This feature is
particularly important in cases where there are a large number of relevant
non-experimental variables.
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The transcendental response function also displays a high degree of flexibility,
especially if, as suggested by Debertin (1986), an interaction term is included in
the two-nutrient case (Table 3.2). With this function, numerical methods are
also used to estimate economic optima.

The generalized Cobb-Douglas response function, not discussed in detail in this
paper, has poor flexibility. A more thorough discussion ofthe uses and
properties of the generalized Cobb-Douglas, transcendental, and translog
functions can be found in Debertin (1986).

Another criterion for choosing a functional form is its ability to capture real
substitution or interaction effects or to prevent such effects from appearing in
the fitted equation when they do not exist.

Although biological and agronomic criteria can be used to distinguish between
interaction and substitution, it would be mere speculation to apply those criteria
before data are obtained and to use them to discard a functional form because of
its particular features regarding nutrient substitution and interaction. There is
no biological or agronomic basis for establishing the presence of substitution or
interaction a priori. But experimental results indicating that substitution or
interaction is either present or absent can be explained by one or another major
process, such as the N x P interaction resulting from fertilization with
ammonium sulfate, which in tum could be nil in calcareous soils because of the
buffer effect of calcium carbonate on soil pH. In such cases, flexible functions
such as the transcendental or the translog polynomials, which can adjust to
different degrees of substitution and interaction between nutrients found in
each site or group of sites, can have a wide application.

Four Alternative Functional Forms

Suppose that Y = trN) is the true unknown response function, which is twice
differentiable. For a point N*, it is possible to approximate this function with a
Taylor series expansion:

or

Y = trN*) + fn (N - N*) + fnn (N - N*)2/2! + ..,

Y =trN*) + f
n

dN + 1/2 fnn (dN)2 + ...

[3.1]

[3.2]

Although the function is better approximated if more terms are evaluated, in
practice a satisfactory approximation fit within a limited range of the function
(local approximation) can be obtained by evaluating the first two terms of the
expansion:
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which can be written as a quadratic function:

[3.4]

As Heady and Dillon (1961) emphasize, how well a polynomial approximates a
function will depend on the choice of scale used. Hence it is possible to use a log
transformation of the terms involved:

InY = In~o + ~1 InN + ~2 OnN)2. [3.5]

Note that, if only the linear term approximation is used, Equations 3.4 and 3.5
are reduced to

and

Y = ~o+ ~1 N

InY =In ~o + ~11nN.

[3.6]

[3.7]

Note that Equation 3.7 is the power or generalized Cobb-Douglas response
function expressed in logs. Also note that Equation 3.5 is the quadratic log
function, or translog function, for the one-nutrient case.

Another commonly used functional form is the square root polynomial (Colwell,
Suhet, and van Raij 1988):

I

[3.8]

Four functional forms are presented in Tables 3.1 (one nutrient) and 3.2 (two
nutrients). Table 3.1 gives the MPP functions ofthe quadratic, square root,
transcendental, and translog polynomial functional forms for the one-nutrient
case. Table 3.2 summarizes the main characteristics of four functional forms,
which can be interpreted either as approximating an arbitrary, unknown
response function, or as representing the true response function. The four
functional forms belong to two main groups. The quadratic and the square root
forms are members of the polynomial function:

Y =bo + robX + ro rob.Xx..
i I I i j IJ I J

[3.9]

The dependent variable Y is in the linear scale in both cases, but in the square
root polynomial the X variables are in the square root scale. The other two
forms-the transcendental and the translog-are members of the de Janvry
generalized power function:
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Table 3.1. Marginal physical productivity (MPP) of four functional forms
for the one-nutrient case

Functional Equation
form. Y = f(N) MPP

Quadratic ~o+~lN+~2N2 ~1+2~2N

Square root ~o+~lNO.5+~2N ~2+0.5~lN-o.5

Transcendental ~oN~le~2N [~2+(~/N)]Y

Translog ~ON~l e~2(1nN)2 (~1+2~2lnN)(Y/N)

Table 3.2. Main technical characteristics of four functional forms for the
two-nutrient case

1. Quadratic

Y = ~o + ~l N + ~2 P + ~ll N2 + ~22 p2 + ~12 N P

1. Marginal physical productivities:

MPP0 = ~l + 2 ~ll N + ~12 P
MPPp = ~2 + 2 ~22 P + ~12 N

2. Elasticity of factor substitution:
Displays variable elasticity of factor substitution (VES function).

3. Technical interdependence between nutrients:
Allows competitiveness (if ~12 < 0), independence (if ~12 = 0), and
complementarity (if ~12 > 0).

4. Stages of production:
Under strict concavity, displays stages III and V. Under strict quasi
concavity, exhibits only stage I or stages III and V (see Figure 2.1).

5. Expansion path:
Straight line that does not necessarily pass through the origin.

P= A+BN,where

A = (~2 Po - ~l Pl(~12 Pp - 2 ~22P)

and

(Continued)

40

Table 3.1. Marginal physical productivity (MPP) of four functional forms
for the one-nutrient case

Functional Equation
form. Y = f(N) MPP

Quadratic ~o+~lN+~2N2 ~1+2~2N

Square root ~o+~lNo.5+~2N ~2+0.5~lN-o.5

Transcendental ~oN~le~2N [~2+(~/N)]Y

Translog ~ON~l e~2(1nN)2 (~1+2~2lnN)(Y/N)

Table 3.2. Main technical characteristics of four functional forms for the
two-nutrient case

1. Quadratic

Y = ~o + ~1 N + ~2 P + ~ll N2 + ~22 p2 + ~12 N P

1. Marginal physical productivities:

MPPn = ~1 + 2 ~ll N + ~12 P
MPPp = ~2 + 2 ~22 P + ~12 N

2. Elasticity of factor substitution:
Displays variable elasticity of factor substitution (VES function).

3. Technical interdependence between nutrients:
Allows competitiveness (if ~12 < 0), independence (if ~12 = 0), and
complementarity (if ~12 > 0).

4. Stages of production:
Under strict concavity, displays stages III and V. Under strict quasi
concavity, exhibits only stage I or stages III and V (see Figure 2.1).

5. Expansion path:
Straight line that does not necessarily pass through the origin.

P = A + B N, where

A = (~2 Pn - ~1 Pl(~12 Pp - 2 ~22P)

and

(Continued)

40



Table 3.2. (continued)

2. Square root

Y _ R + RNo.5 + R po.5 + R N + R P + R (N P)0.5
- 1-'0 1-'1 1-'2 1-'11 1-'22 1-'12

1. Marginal physical productivities:

MPP = R/(2 No.5) + R + R po·5/(2 No.5)
n 1-'1 I-'H 1-'12

MPP = R/(2 po.5) + R + R NO.5/(2 po.5)
p I-' 1-'22 1-'12

2. Elasticity of factor substitution:
Displ~ysvariable elasticity offactor substitution (VES function).

3. Technical interdependence between nutrients:
Allows competitiveness (if ~12 < 0), independence (if ~12 = 0), and
complementarity (if ~12 > 0).

4. Stages of production:
Same as quadratic polynomial response function.

5. Expansion path:
Non-linear. It does pass through the origin.

where k= P/Pp•

(Continued)
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Table 3.2. (continued)

2. Square root

Y= A + A No.5 + A po.5 + A N + A P + A (N P)0.5
Po 1"1 1"2 1"11 1"22 1"12
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Table 3..2.(eon.tinued)

3. Transcendental

Without interaction:

Y = PoWl P2 eLJI3 N + 1I4 Pl

or: InY =In Po+ 131 InN + P2 lnP + 133 N + 134 P

With interaction:

Y = POWI P2 eLJI3N+1I4P+1I5NPl

or: InY =InPO+ 131 InN + P2 lnP + 133 N + 134 P + 135 NP

1. Marginal physical productivities (with interaction):

MPPn = [(PiN) + 133 + 135 P] Y
MPPp = [(I3/P) + 134 + 135N] Y

2. Elasticity offactor substitution:
Displays variable elasticity of factor substitution (VES function).

3. Technical interdependence between nutrients:
Allows for complementarity, independence, and competitiveness.

4. Stages ofproduction:
Under strict concavity, exhibits stages ill and V. Under strict quasi
concavity, shows stages I, ill, and V.

5. Expansion path:
Non-linear. It does not pass through the origin.

Without interaction:
P = (I3JtXI3/N + 133 -134k)

With interaction:
P = (132 k/1-132 135kXIi/N + 133 -134 k -135kN),

where k = P/Pp•

(Continued)
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Table 3.2. (continued)

4. Translog

Without quadratic terms:

Y = ~o N~l p!l2 e~3 InN InP

or: InY = ln~o + ~l InN + ~2 InP + ~3 InN InP

With quadratic terms:

Y = ~o N~l P~2 e[~3 (1nN)+ ~4 (\nP) + ~51nN InPl

or: InY = In~o + ~l InN + ~2 InP + ~3 (lnN)2 + ~4 (lnp)2+ ~5 InN InP

1. Marginal physical productivities (with quadratic terms):

MPPn = (~l + 2~3lnN + ~5InP) YIN
MPPp = (~2 + 2~4InP + ~5InN) YIP

2. Elasticity of substitution:
Displays variable elasticity of substitution (VES function). The degree of
substitution depends on the magnitude of the interaction coefficient
(~3without quadratic terms, and ~5 with quadratic terms). If ~3 (or~5) = 0,
the function allows for imperfect substitution. With ~3 (or ~5) different from
zero, the larger its value, the smaller the degree of substitution that is
allowed.

3. Technical interdependence between nutrients:
Allows for complementarity; independence, and competitiveness.

4. Stages of production:
Under strict concavity, shows stages III and V. Under strict quasi
concavity, exhibits stages I, III, and V.

5. Expansion path:
Non-linear. Mathematically non-tractable, but can be estimated with
numerical methods.

Source: Adapted from Beattie and Taylor (1985) and Debertin (1986).
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Exampll' :Ll: Hesponsl' of maizl' to l\' fedilization

This example is a continuation of Example 2.1, in which only the quadratic
polynomial equation was used. The example compares the four functional forms
listed in Table 3.1-quadratic, square root, transcendental, and translog
(Figures 2.3 and 3.1, a-c). The four forms are also compared with discrete
analysis (Figure 3.1d). The resulting estimated equations are reproduced below.

1. Quadratic (given in Chapter 2)

y = ~o + ~1 N + ~2 N2

= 828 + 59.03 N - 0.2859 N2
(9.641)***(-7.297)***

Adj. R2 =0.93 n =12

a

B. Transcendental
Maize yield
(000 kglha)
5

4

3

2

1

04---............~......-~ .........~--.-~- ..........--.-..............
o 20 40 60 80 100 120 140 160

N added (kglha)

a

a
a

A. Square root
Maize yield
(000 kglha)
5

4

3

2

1

04---............~......-~ .........~--.-~ .........--.-.........-.--I

o 20 40 60 80 100 120 140 160
N added (kg/ha)

Net benefits
($/ha) D. Discrete analysis
700,-----------------,

600

500

400

300

200

100
o+-----.c__----.----r--...,--,-----.---j
o 20 40 60 80 100 120 140

Total costs that vary ($/ha)

a

aa

c. Translog
Maize yield
(000 kg/ha)
5-r---------------,
4

3

2

1

o4---............__~_~_......_~~_--l

o 20 40 60 80 100 120 140 160
N added (kg/ha)

Figure 3.1. Example of response of maize to N.
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2. Square root

y = 13o + 13
1

NO.5 + 132N

= 640 + 527.94 NO.5 - 23.78 N
(6.618)*** (-3.766)***

Adj. R2 =0.91 n =12

3. Transcendental

y = 13o (N + dn>~l e~2(N + dn)

InY = In13o + 131 In(N + do) + 132(N + d)

= 5.3472 + 0.7863In(N + 4) - 0.00763 (N + 4)
(5.874)*** (-2.374)**

Adj. R2 =0.93 (dependent variable: Y) n =12

4. Translog

Y = 13o (N + do)~l e~2[1o(N + dn)]

InY = In13o + 131 In(N + do) + 132[In(N + do)]2

= -0.5077 + 3.7093 In(N + 13) - 0.3950 [In(N + 13)]2
(4.082)*** (-3.330)***

Adj. R2 =0.93 (dependent variable: Y) n =12

(Note: t-values in parentheses; ***, **, and * denote statistical
significance at 1%,5%, and 10%, respectively.)

The optimum amounts of N for each functional form and for the discrete
analysis (following CIMMYT 1988) are given below.

1. Quadratic (given in Chapter 2)

N* = (r - b1)/2 b2

= (59.03 - 9.6)/(2)(0.2859) =86 kglha

2. Square root

N* = [(r - b2)/0.5 hlP
= [(9.6 - 23.78)/(0.5)(527.94)]-2 = 63 kglha
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3. Transcendental

Since the first-order condition for profit maximization in the case of the
transcendental function, dY/dN =r, has N and exponential terms in N,
finding the N* value requires the use of a numerical method with an
iterative algorithm for solving non-linear equations. One such method is
the Newton-Raphson method, which was developed for systems of non
linear equations and can therefore be used for the two-nutrient case
as well.

dY/dN = [b + b I(N+d )] b (N+d )bl eb2(N+dn) =r
2 1 nOn

N* = 72 kglha

4. Translog

The translog function poses the same problem as the transcendental and
requires using a numerical method to estimate N*.

dY/dN = [b +2b InCN+d )] b (N+d )bleb2[In(N+dn)J/(N+d ) =r
1 2 nOn n

N* =69kglha

5. Discrete analysis

The discontinuous or discrete analysis for this example is summarized in
Table 3.3 and Figure 3.1d. For details on how these calculations are made,
consult CIMMYT (1988).

These results show some discrepancies among the functional forms. The
quadratic fit gave an estimated N* value of 86 kg/ha, very close to the yield
maximizing rate actually obtained (90 kg/ha), and 23 kg/ha higher than that
obtained with the square root, 14 kg/ha higher than that obtained with the
transcendental function, and 17 kg/ha higher than that obtained with the
translog function. These results are consistent with the literature reviewed.

Table 3.3. Maize response to N: discrete analysis

Nadded
(kglha)

o
30
60
90·

120
150

Total costs that vary
($/ha)

0.0
26.5
48.0
74.6
96.1

117.6

Net benefits
($/ha)

118.0
427.2
492.4
586.4
534.9 (D)a
449.8 (D)a

Rate of return
(%)

1,167
303
353

* =Optimum.
a Treatments with 120 and 150 kg N/ha are dominated.
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The discrete analysis, with its inherent lack of precision, gave a value of 90
kg/ha (for which the maximum yield was obtained), slightly higher than the 86
kg/ha optimum of the quadratic but considerably higher than the optima
obtained with the square root, transcendental, and translog fits (27, 18, and
21 kg/ha higher, respectively).

Example :L:!: Response of \\ heat to"" and Pin Pampd HUIl]('(LI.
.\)'gen t i l1a

This example is a continuation of Example 2.3, in which the four functional forms
of Table 3.2 (quadratic, square root, transcendental, and translog) are applied.

Regression analysis

1. Quadratic (given in Chapter 2)

= 3179 + 15.72 N + 24.73 P - 0.0967 W - 0.1972 P! + 0.1097 NP
(3.024)** (3.172)**(-2.471)** (-2.240)* (2.495)**

Adj. R2 =0.90

2. Square root

Y = ~o + ~1 N·5 + ~2 p.5 + ~ll N + 1322 P + 1312 (NP}5

= 3275 + 82.46 NO.5 + 63.64 po.5 - 4.4306 N + 0.1498 P + 12.4803 (NP)O.5
(2.146)* (1.352) (-1.351) (0.030) (4.656)*

Adj. R2 =0.96

3. Transcendental

InY = ~lln(N + d) + ~2In(P + dp) + ~3 (N + d) + ~4 (P + dp)

+ ~5 (N + d) (P + dp)

= 0.047356 In(N + 1) + 1.9958 In(P + 106) - 0.0028988 (N + 1)
(3.583)** (79.857)*** (-2.138)*

- 0.011694 (P + 106) + 0.000021463 (N+1)(P+106)
(-14.193)*** (2.526)**

Adj. R2 = 0.93 (dependent variable: InY)

(Note: t-values in parentheses; ***, **, and * denote statistical
significance at 1%,5%, and 10%, respectively.)
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(Note: t-values in parentheses; ***, **, and * denote statistical
significance at 1%, 5%, and 10%, respectively.)
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Figure 3.2. Quadratic and transcendental contour maps showing wheat
response to N and P, Pampa Hlimeda, Argentina.
Source: Senigagliesi et aI. (1983).
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A similar contour map ofyield isoquants for the transcendental function, but
with the origin at point 0 (-dn,-dp)' would show an initially sharp response with
no isoquants touching the axes. This kind of response is supported by the
contention that essential nutrients do not substitute for one another, although
they may produce indirect effects which cannot take place when the availability
of either nutrient is extremely low. Thus, as noted earlier, a function such as
the transcendental can have more biological support than the quadratic.

4. Translog

InY = b i In(N + d) + b2In(P + d
p

) + bs [In(N + dn)]2
+ b. [In(P + dp)]2 + b5 [In(N + dJI[ln(P + dp)]

= -0.23953 In(N + 1) + 3.4816 In(P + 60) + 0.0036605 [In(N + 1)]2
(-3.749)*** (69.705)*** (0.744)

- 0.36755 [In(P + 60)]2 + 0.060375 [In(N + 1)][ln(P + 60)]
(-33.946)*** (4.639)***

Adj. R2 =0.97 (dependent variable: InY)

(Note: t-values in parentheses; ***, **, and * denote statistical
signi[u:ance at 1%, 5%, and 10%, respectively.)

Economic analysis

The economic optima for the two-nutrient quadratic and square root equations
can be derived by algebraic manipulation of the system of simultaneous
equations fn= rnand f

p
= r , whereas estimation of economic optima with the

transcendental and transl~gfunctions requires the use of iterative numerical
procedures such as the Newton-Raphson method.

Figure 3.3 shows the expansion paths of these four fits for Pn=$0.45/kg and
P

p
= $0.501kg. Results of the discrete economic analysis are displayed in Table

3.4. Note that for the discrete analysis the non-dominated treatments follow a
zig-zag pattern closer to the expansion paths of the transcendental and translog
functions.

The net benefit curves for the discrete and continuous analyses are compared in
Figure 3.4. The slope of each curve is the marginal rate of return to the
investment in fertilizer along the expansion path. The optimum amount of
fertilizer is determined by equating the slope,to the minimum rate of return, R.
Note that the sensitivity of this optimum to changes in R varies with the
approach and functional form used. For instance, the discrete analysis is highly
insensitive whereas the square root is extremely sensitive to these changes.
This relationship between different expansion paths and changes in R is
illustrated in Table 3.5.

49



o

o

o

o

o

40

40

60

20

P20S added
(kg/ha)

80

20 0

Transcendental

0
0 30 60 90 120

N added (kg/ha)

P20 S added
(kg/ha)

80 0
Economic optimum with

discrete analysis

60
~ 0

o....-----,------{}-----,------o
o 30 60

N added (kg/ha)
90 120

Figure 3.3. Expansion paths of four fits and discrete analysis for
Example 3.2 (0 =dominated treatments; • =~on-dominated

treatments).

50

o

o

o

o

o

40

40

60

20

ppsadded
(kg/ha)

80

20 0

Transcendental

0
0 30 60 90 120

N added (kg/ha)

PzOs added
(kg/ha)

80 0
Economic optimum with

discrete analysis

60
~ 0

0 ...-----...,....------0------...,....-----0
o 30 60

N added (kg/ha)
90 120

Figure 3.3. Expansion paths of four fits and discrete analysis for
Example 3.2 (0 =dominated treatments; • =~on-dominated

treatments).

50



Table 3.4. Discrete economic analysis of wheat response to N and P, Pampa
HWneda, Argentina

Nutrient added Adjusted Total costs Net Marginal rate
(kglha) yield that vary benefits of return

N P 20 S
(kglha) ($lha) ($lha) (%)

0 0 2,990 0.0 359.0
0 40 3,323 20.0 379.0 100

30 20 3,698 23.5 420.5 1,186
60 0 3,163 27.0 353.0 D
0 80 3,404 40.0 368.0D

30 60 4,364 43.5 480.5 300*
60 40 4,052 47.0 439.0D
90 20 4,127 50.5 444.5 D

120 0 3,361 54.0 349.0 D
60 80 4,629 67.0 488.0 32
90 60 4,586 70.5 479.5 D

120 40 4,410 74.0 455.0D
120 80 4,835 94.0 486.0 D

Source: Senigagliesi et al. (1983).
Note: Po = $0.12/kg; a = 0.10; D = dominated treatment.

Table 3.5. Influence of changes in the minimum rate of return (R) on the
optimum amount of investment in fertilizer

Discrete Square Transcen-
R analysis Quadratic root dental Translog

(%) N* p* N* p* N* p* N* p* N* p*

50 30 60 88 70 202 315 63 63 72 81
75 30 60 80 64 94 135 47 55 55 69

100 30 60 72 59 55 73 31 46 43 60
125 30 60 63 54 36 46 25 41 34 52
150 30 60 55 49 26 31 20 37 28 45

In this example, the square root gave oddly high values of N* and p* for the
lower values of R explored. On the other hand, the discrete analysis suggested
the same amount of investment even when the discount rate increased by a
factor of three. The quadratic fit consistently gave N* and p* recommendations
larger than those obtained with the translog and transcendental. The
transcendental gave the smaller optima.
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Figure 3.4. Net benefit curves for Eumple 3.2 (e =d.iscrete analysis).
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4
Development of a General

Model for Deriving Farmer
Recommendations
Equation 2.32 was presented as a general response function in which four types
of independent variables-Nit' Xjt, Skt' and R,t-served to identify different
sources ofyield variability. This chapter uses that equation to present a
method for constructing a general model for deriving farmer recommendations.
Before discussing the complications presented by real-life examples, we present
the problem using a hypothetical case with few variables and a simple
functional form. Figure 4.1 illustrates the procedure.

Full model Land type 1
Land type 2

N added

Different
y-intercepts;
different
slopes at N = 0;
and different
curvatures

Figure 4.1. Example for building a general model.
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Assume that the problem consists of wheat response to N in an area with two
land types, 1 and 2. For simplicity, the quadratic form will be used (the
procedure with the square root is quite similar). Thus, the basic model is:

[4.1.J

The "short" model is:

[4.2]

where L = 0 for land type 1, and L = 1 for land type 2.

Note that whether ~3 is equal to zero or not is irrelevant for determining the
economic optimum, so adding a dummy variable for land type will not modify
the economic optimum, which will be N; =N; for either land type.

"Intermediate" and "full" models can be sequentially built for this problem. The
intermediate model allows for an interaction between the dummy variable and
the linear effect of N:

[4.3]

Equation 4.3 allows for some structural change in the response, because the
slope ofY = ftN) evaluated at N = 0 is different for each land type, but the
curvature remains the same. Hence, if the intermediate model is "correct," N;
will not be equal to N; and two different recommendations are made, one for
each domain, that is, one for each land type.

A larger degree of structural change is provided by the full model,

[4.4]

which allows for an entirely distinct response function in each recommendation
domain. Again, ifthe full model is "correct," N; will usually not equal N;, and
one particular recommendation is made for each land type. Assuming that any
one of the three models can be supported by agronomic theory, the selection of
the best model is made on statistical grounds.

Table 4.1 presents some basic elements for building a general model with Skt-,
~t-' and Xjt-type variables. The quadratic function is used here, but the
concepts can be readily extended to other functional forms. It should be noted,
however, that in the transcendental and translog functions a simple
incorporation of site variable~itherbinary or continuous--can capture
structural changes without resorting to the use of a large number of interaction
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Table 4.1. Elements for building a general model of the type: Yt = f(NIt, Xt' Sid'
~t)' where Nit = g(Nfit, Nsit); quadratic functional form, one nutrient (i=l)

Inclusion in
three quadratic polynomial models

Source of
variation

Type of
variable

Short Intermediate Full
model model model

Nutrient
availability
(initial soil
fertility plus
added nutrient)

N.it
Continuous,
known m·
N fit
Continuous,
experimental

where:
N = Nf+N.
with:b

N =d• n

where:
N = Nf + N.
with:
N =d• n

where:
N =Nf+N.
with:
N =d• n

or
N. = <Xo + <xltn

Rainfall

Land type

Crop rotation

Degrees of
freedom

WIt

Continuous,
unkownc

Sirt
Dummy,
known

X
jt

Dummy,
known

n = observations
k = parametersd

W, W2, NW W, W2, NW

L L,LN,LW
L = 0 ifland type 1,
L = 1 ifland type 2

C C,CN,CW
C = Oif
previous crop 1,
C = lif
previous crop 2

n n
k =10 k. =14

• 1

W,W2,NW

L,LN,LW,
LN2, LW2, LNW

C,CN,CW,
CN2, CW2, CNW

F-ratios· Intermediate versus short
model:

(RSS. - RSSy(ki - k.)

RSS!(n - k)

Full versus intermediate
model:

(RSS; - RSSf)/(kf - k)

RSS/(n - kf)

a Initial soil fertility (Nsit) can be known at the experimental stage, but it is normally
unknown at the recommendation stage in most developing countries. Its omission from the
model, however, can lead to biased coefficients in the estimated equation.

b Terms dn and tn' introduced in Chapter 2.
c As in the case of initial soil fertility, inclusion of rainfall can increase the explanation of

variability without actually improving the model's predictive power because W is unknown
at the time of making a recommendation. Hence, an average value ofW for the
recommendation domain can be used. This variable is often relevant, and its omission can
lead to biased estimates.

d Including the intercept and soil fertility coefficients, <Xo and <Xl'

e Taken from Gujarati (1988, p. 231), with RSS., RSSi' and RSSf denoting the residual sums of
squares of the short, intermediate, and full models, respectively.
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terms. (This point is illustrated with an example later in this section.) Also, an
F test for comparison between nested models! is given at the bottom of Table
4.1 (Gujarati 1988, p. 231).

The short model in Table 4.1 is one in which the dummy variables Skt and Xjt
only shift the response function without altering the linear and quadratic
coefficients. Therefore, the economic optima remain the same and a blanket
recommendation is made.

The intermediate model in Table 4.1 is just one of a number of intermediate
models that could be constructed and supported on both agronomic and
statistical grounds. Such models imply structural changes associated with
different recommendations.

The full model in Table 4.1 may appear complicated, when in fact it only uses
one of four simpler equations for each recommendation domain.

Example 4.1: Response of maize to Nand P in Veracruz, Mexico

The data for this example are taken from training materials used by CIMMYT
(CIMMYT 1983).

Three experiments were conducted on hillsides and two on flat land. The
experimental design was a complete randomized block with a factorial
arrangement offour levels ofN (0,50,100, and 150 kg N/ha) and three levels of
p CO, 40, and 80 kg P20/ha). The number of blocks per site (replications) was
two. All the experiments were managed by farmers using minimum-tillage
technology. The data are summarized in Table 4.2.

For simplicity, only the quadratic function was fitted to the data. First,
individual analyses for each site gave the estimated coefficients presented in
Table 4.3. (The statistics and their significances are calculated for n = 24.)

1 Nested models are contained one inside of another.-For example, the linear model
y =~o + ~!N is nested into the quadratic model Y =~o + ~lN + ~2N2. In the examples
presented in this chapter, short models are nested into intermediate models, which
in tum are nested into full models.
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Table 4.2. Maize response to Nand P (example from Veracruz, Mexico)

Nutrient Maize yield (kg/ha, average of two replications)
added
(kg/ha) Hillside Flatland

N P 20 5 Site 1 Site 2 Site 3 Site 4 Site 5

0 0 2,720 920 1,590 2,500 4,600
0 40 2,680 2,300 3,760 4,150 5,240
0 80 3,460 1,580 2,690 2,480 5,240

50 0 2,580 1,460 2,690 4,210 5,030
50 40 2,120 2,020 3,490 3,720 4,520
50 80 3,210 1,920 3,530 5,520 6,320

100 0 3,200 1,030 2,920 3,800 5,150
100 40 3,120 2,550 3,910 4,760 5,430
100 80 2,860 2,890 5,160 5,340 6,270
150 0 2,870 2,310 2,960 4,470 4,260
150 40 3,940 2,790 4,510 4,240 5,600
150 80 3,160 2,550 4,400 6,030 5,530

Source: CIMMYT (1983).

Table 4.3. Estimated coefficients for five trial sites, Veracruz, Mexico

Term Site 1 Site 2 Site 3 Site 4 Site 5

Constant 2,582 1,004 1,883 2,960 4,602

N -3.36 3.47 15.64 23.93 10.83
(-0.378) (0.453) (1.565) (2.214**) (1.114)

P 6.39 38.98 46.72 0.68 5.15
(0.404) (2.873**) (2.632**) (0.035) (0.298)

N2 0.058 0.019 -0.059 -0.116 -0.075
(1.084) (0.405) (-0.984) (-1.774*) (-1.280)

p2 0.026 -0.365 -0.421 0.047 0.064
(0.147) (-2.389**) (-2.109**) (0.219) (0.332)

NP -0.058 0.004 0.06 0.124 0.042
(-0.788) (0.063) (0.734) (1.385) (0.528)

R2 0.20 0.57** 0.64** 0.61** 0.39

Note:t-values in parentheses; ***, **, and * denote statistical significance at 1%,
5%, and 10%, respectively.
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These results suggest different response patterns among sites. In fact, the
explanation ofvariability given by pooling the data-averages of two
replications, with statistics and significance calculated for n = (12) (5) =60-0f
all five experiments is very poor:

Y = 2606 + 10.10 N + 19.58 P - 0.035 W - 0.13 p2 + 0.034 NP
(0.912) (0.996) (-0.519) (-0.586) (0.378)

IV = 0.16; Adj. R2 = 0.09

(Note: t-values in parentheses; ***, **, and * denote statistical
significance at 1%,5%, and 10%, respectively.)

Building a general model with these data requires the use ofexplanatory
variables other than the levels of fertilizer applied. The only site variable
available for constructing such a model is land type (L), which is hillside (L =1)
for the first three sites and flat land (L =0) for the last two sites. The short,
intermediate, and full models presented at the beginning of this chapter were
fitted as follows:

Short model:

Y = 3769 + 10.10 N + 19.58 P - 0.035 W- 0.13 p2 + 0.034 NP - 1938 L
(1.428) (1.559) (-0.812) (-0.917) (0.591) (-8.901***)

R2 = 0.66***; Adj. R2 = 0.63

Intermediate model:

Y =3,688 + 10.21 N + 21.39 P - 0.035 W - 0.13 p2
(1.347) (1.595) (-0.798) (-0.901)

+ 0.034 NP -1803 L - 0.185 LN - 3.016 LP
(0.581) (-3.926***)(-0.047) (-0.445)

R2 = 0.67***; Adj. R2 = 0.61

Full model:

Y =3,781 + 17.38 N + 2.92 P - 0.095 W + 0.056p2 + 0.083 NP -1957 L
(1.525) (0.144) (:'1.387) (0.245) (-0.824) (1.063)

- 12.13 LN + 27.78 LP + 0.101 LN2 - 0.309 LP2 - 0.081 LNP
(1.140) (0.882) (-3.027***) (-1.051) (-0.665)

R2 =0.68***; Adj. R2 =0.61

(Note: t-values in parentheses; ***, **, and * denote statistical
significance at 1%,5%, and 10%, respectively.)
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Note that the coefficients for N, P, N2, p2, and NP in the short model are the
same as those previously obtained by pooling the data without the dummy
variable, L. This is because the dummy variable improves the explanation of
variability only by fitting two parallel response surfaces.

The criterion for selecting a model is the F test (Table 4.1), illustrated below.

F test, intermediate versus short model:

F -_ (RSS. - RSSy(ki - k.) or F __ (R~ - R~)/(ki - k.)---'----''----'--...........- = 0.100
RSS/(n - k) (l - R~)/(n - k)

F test, full versus intermediate model:

F = (RSSi - RSSf)/(kf - k) or F =
RSS/(n - kf)

where:

(R~- R~)/(kf-k)

(1- R~)/(n - k)
= 0.949

RSS. = residual sum of squares of the short model;
RSSi = residual sum of squares of the intermediate model;
RSSf = residual sum of squares of the full model;
R~ = R2 value of the short model =0.66;
~ = R2 value of the intermediate model =0.67;
~ = R2 value ofthe full model = 0.68;
n = number of observations;
k. = number of parameters in the short model =7;
ki = number of parameters in the intermediate model =9; and
kf = number of parameters in the full model = 12.

It is not necessary to resort to a table of the F distribution (since the F values
are less than 1) to see that both F tests obviously indicate that there is nothing
to be gained by elaborating upon the short model, and that the short model
should be selected over the intermediate and full models.

A similar test compared the short model with and without the dummy variable
for land type. The F value was 79.2, which agrees with the large difference in
the adjusted R2 values ofboth equations (0.63 and 0.09, respectively) and with
the highly significant t value of the L term coe~cient(-8.901).
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It is important to realize that, as the number ofvariables increases from the
short to the intermediate to the full model, the R2 value increases but the
adjusted R2 value decreases. On this basis alone one might be inclined to select
the shortest and simplest general model, which says that the same
recommendation can be derived for hillsides and flat lands. But this would be
inconsistent with the obviously different response patterns found among sites.
Thus other explanatory variables must be incorporated in the model to derive
meaningful recommendations for farmers.

Economic analysis

The information necessary for an economic analysis of the data is:

Field price of N, Pn = $39.50/kg
Field price ofP (as P20 S)' P = $37.80/kg
Field price of maize, Po p = $18.15/kg
Yield adjustment, a = 20%
Minimum rate of return, R = 80%

The price ratios are calculated as follows:

rn = Pn (1 + R)/Po (1 - a)
= (39.50) (1 + 0.80)/(18.15) (1 - 0.20) = 4.90.

r p = Pp (1 + R)/Po (1 - a)
= (37.80) (1+0.80)/(18.15) (1 - 0.20) =4.69.

Proceeding with the quadratic function (as in Example 2.3), we can estimate
the following economic optima:

=71 kg/ha.p* =

(2) (-0.13) (4.9 - 10.10) - (0.034) (4.69 - 19.58) g/h
N* = =109k a.

(4) (-0.035) (-0.13) - (0.034)2

4.69 - 19.58 (0.034) (109)

(2) (-0.13)

Transcendental and Translog Functional Forms

The following paragraphs present some basic guidelines (summarized in Figure
4.2) for including different types of site variables in transcendental or translog
general models, using either the total nutrient approach or the covariance
approach. Both approaches use all site variables other than soil test variables
in the same manner. In addition, examples of some typical explanatory
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variables, such as rainfall during the crop cycle, previous crop, initial soil test
values, and soil acidity, are provided. These guidelines can be extended to other
variables by analogy (for instance, the effect of land type can be captured in a
manner analogous to the effect of a previous crop).

y y
Nf=O

I
I
I
I
I

Low rainfall, Wi

Wheat after
soybeans, C = I

Wheat after
maize, C = 0

o dn Ni ~ Nf + dn
RAINFALL (W, continuous)

o dn Ni ~ Nf + dn
PREVIOUS CROP (C, binary)

Low soil test value, tnl

High soil test value, tn2
~;;..----

-dnl 0 N~ Ni Nf
SOIL TEST (one-nutrient case)

(fn, continuous or binary)

y

y Nf=O

I
I
I
I
I
I

y

Low soil test
value, tnl

Low acidity, Al

High acidity, A2

o dn ~ Ni Nf+dn
SOIL TEST (one- or two-nutrient case)

(fn, continuous or binary)

o dn ~ Ni Nf + dn
SOIL ACIDITY (A, continuous)

Figure 4.2. Guidelines for including different kinds of site variables in
transcendental and translog general models.
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• Rainfall (W, continuous)-Yield increases as W increases. Optimum levels
of nutrient N are expected to increase as W increases, because higher W
implies a higher yield potential, together with higher nutritional
requirements. Variable W (or InW) may be the only explanatory variable
that needs to be included in the model. Its interaction with InN can be
justified if the t-test (Table 4.1) is statistically significant, but the mere
presence ofW (or InW) in the model will give higher N optima for higher
values of W within a relevant range. If W alone is to be included in the
model, the t-test must be significant. The sign of the W (or InW) term is
generally expected to be positive.

• Previous crop (C, binary)-Yield varies as e varies. The direction of
changes in yield depends on a variety of factors. If, according to agronomic
theory, yield is expected to increase as the value ofe shifts from 0 to I-for
example, if wheat after maize means e = 0 and wheat after soybeans mean
e =I-then variable e and its interaction with InN should be included in
the model. In this case, the sign of the e term is expected to be positive,
whereas the sign of the e InN term is expected to be negative.

• Soil test value (tn' continuous or binary)-Yield increases as tn

increases. Optimum levels of nutrient N are expected to decrease as t
n

increases, because the higher the availability ofN in the soil, the lower the
fertilizer requirements. Variable t

n
(or lnt) and its interaction with InN

should be included in the model.

The sign of the t
n

term (or lnt
n
), an alternative that can be used only ift

n
is

handled as a continuous variable, is expected to be positive, whereas the sign
ofthe t

n
InN (or lnt

n
InN) term is expected to be negative.

• Soil acidity (A, continuous)-Yield decreases as A increases. In general,
optimum levels of nutrient N are expected to decrease as A increases,
because A becomes a more limiting factor compared to lack ofN. Variable A
or In(A+da) may be the only explanatory variable necessary to include in the
model. Its interaction with InN can be justified if the t-value is statistically
significant, but the mere presence ofA or In(A+d) in the model will give
lower N optima for higher values ofA.

The sign of the A or In(A+d) term is expected to be negative, but a strong
interaction term allows the sign to be positive and still produce
agronomically sound results-e.g., both yield and N* decrease as A
increases.

Although these guidelines are not infallible rules, unexpected results can be
obtained ifthey are not followed. Suppose that in the example given above the
previous crop is included only as e, ignoring its interaction with InN. The
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results of the economic analysis would indicate that, although wheat yield
increases as C shifts from 0 (after maize) to 1 (after soybeans), higher doses of
N will be needed.

Similarly, inclusion of a soil test variable as tn (or lntn), without providing for
its interaction with InN, might produce the conclusion that higher yields are
obtained when the soil is initially more fertile, but that higher fertilizer levels
are nevertheless required, which would be absurd.

For continuous variables such as W (rainfall), A (soil acidity), tn (N soil test),
and t p (P soil test), the success with w~ch the alternative log forms-lnW,
In(A+d), lnt

n
, and lnt ----ean be used wIll vary from case to case, usually

depending on the range of values that the variable takes in the experimental
sample.

Under some circumstances, including interaction terms between two non
experimental explanatory variables can be justified on agronomic grounds. For
instance, if the alternatives for crop rotation in non-irrigated areas are wheat
after fallow (C = 0) and wheat after maize (C = 1), the researcher would expect
the effect of rainfall (W) to be different for different values ofC, because the
amount of water available in the soil profile at the beginning of the wheat cycle
should be greater after fallow than after a maize crop. Therefore, a CW and/or
a C InW term can be included to capture this interaction.

Similarly, an interaction between land type (L) and rainfall (W) is justified if a
crop grown on one type of land can take greater advantage of higher rainfall
compared to the same crop grown on a second type of land. Terms such as CW
and/or C InW can satisfy these assumptions.

Both ofthese situations are illustrated in Chapter 5, in the example of wheat
response to N in rainfed areas of Northern Punjab, Pakistan (Example 5.4).

Summary: Steps for Building a General Model

The following guidelines summarize the steps for building a general model:

1) Fit a functional form that has a high degree of flexibility and is compatible
with the computational facilities available.

2) Choose the simplest model compatible with agronomic theory and which
offers a satisfactory explanation of variability. The researcher should start
with a short model and build intermediate 'models by adding R,t-' Skt-' and
Xjt-type explanatory variables, using his or her agronomic knowledge and
information from previous on-farm research. The researcher should check
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the statistical validity of each new model with the F-test for comparing
nested models. The translog and transcendental functions possess the
practical advantage of capturing structural changes by simply
incorporating site variables.

3) Give proper consideration to signs and/or statistical significance ofthe
coefficients.

4) Look for undesirable patterns in the plots of residuals.

If a general model cannot be formulated using the procedures just described,
perhaps more research should be planned and conducted to select relevant
explanatory variables until consistent results are obtained.

Example 4.2: Response of wheat to Nand P in Pampa Humeda,
Argentina

This example shows how a flexible functional form such as the translog can be
used to elaborate agronomically sound recommendation charts using a set of
soil test, climate, and management variables.

The soil test variables are the initial levels of nitrate (N0:i) and Bray 1 Pin 0-20
cm soil samples; the climate variable is rainfall from sowing to maturity; and
the management variable is crop rotation.

The translog general model is:

InY = ln~o + ~1 InN + ~2 InP + ~11 (lnN)2 + ~22 (lnp)2

+ ~121nN InP + ~3W + ~4C + ~41 C InN + ~5 tn

+ ~51 tn InN + ~6 t p + ~62 t p InP,

where:

=
=

=
=
=
=

N f + d
n

(kg/ha);
Pf + d (kg/ha);
rainf;ll from sowing to maturity (mm);
previous crop (C = 0 if maize, C = 1 if soybeans);
N soil test (mg NOjkg in 0-20 cm soil depth); and
P soil test (mg Bray 1 P/kg in 0-20 cm soil depth).

In the context of this covariance approach, d
n

and d
p

should be regarded only as
constants that optimize the goodness of fit and allow for yield not to be nil at
Nf = 0 and P f = O. They should not be taken as a measure of nutrient availability
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in the soil. In this example, the estimation of dnand d
p

with numerical
procedures resulted in dn=1 and dp =1. As Nelson (1987) mentions, it is
difficult to obtain unbiased estimates of d and d for the quadratic model in the
two-nutrient case. This is not the case forna function such as the translog,
which has Y =0 when N + d =0 or P + d =O.n p

The estimated equation, presented below, was used to derive the
recommendation chart in Table 4.4, using the price ratios rn=8 and
r

p
= (8) (2.290~ =18.3. (Note that in this example the equation and

recommendatIOns were calculated for P, not P20 5.)

InY = 6.6979 + 0.11066 In(Nr + 1) + 0.0067749lnCPr + 1)
(3.536)*** (0.191)

+ 0.0017964 [In(Nr+ 1)]2 + 0.012545 [In(Pr + 1)]2
(0.299) (1.362)

+ 0.0048549 [In(Nr + 1)] [In(Pr + 1)] + 0.0024907 W + 0.21436 C
(1.248) (16.628)***

- 0.026649 C In(Nr + 1) + 0.0045933 tn- 0.00080893 tnIn(Nr + 1)
(-2.383)** (5.030)*** (-3.424)***

+ 0.013332 tp - 0.0023571 tp In(Pr + 1)
(4.733)*** (-2.327)**

R2 = 0.56***; Adj. R2 =0.55'" (InY as dependent variable)

(Note: t-values in parentheses; ***, **, and * denote statistical
significance at 1%, 5%, and 10%, respectively.)

The values of dn= 1 and dp = 1 were obtained through an iterative procedure
until the maximum R2 value was reached.

The last line of Table 4.4 shows recommendations derived by using the
equation estimated above with the average soil test values for Pampa Humeda,
Tn = 50 mg N0ikg and Tp = 13 mg Bray 1 Plkg. These averages are for all
experimental sites over two years (20 experiments in 1981 and 18 in 1982).

Unless other site variables can be used as proxies for tnand t
p

' soil testing
remains an essential tool for deriving sound recommendations for farmers, at
least at the experimental stage.
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Table 4.4. Recommendation chart for Example 4.2

Rainfall =150 mm Rainfall =250 mm Rainfall =350 mm
Soil
test After After After After After After

values maize soybeans maize soybeans maize soybeans
Bray

NO; p N* p* N* p* N* p* N* p* N* p* N* p*

-(mg/kg)- (kglha)
0 0 32 7 29 9 47 13 42 15 68 22 61 25
0 5 33 6 29 7 48 11 43 13 70 19 62 22
0 10 33 3 30 4 48 8 43 10 71 16 63 18
0 15 32 0 28 0 48 4 43 6 71 12 63 14
0 20 35 0 30 0 47 0 41 0 73 5 63 7

20 0 28 7 25 9 42 13 36 15 61 22 53 25
20 5 29 6 25 7 42 11 37 13 62 19 54 22
20 10 29 3 25 4 43 8 37 10 63 16 54 18
20 15 28 0 23 0 42 3 37 6 63 12 54 14
20 20 31 0 25 0 42 0 34 0 66 5 51 5
40 0 25 8 21 9 36 13 30 16 53 22 44 25
40 5 25 6 21 7 37 11 31 13 54 19 45 22
40 10 25 3 21 5 38 8 31 10 55 16 45 18
40 15 24 0 19 0 37 3 30 6 55 12 45 14
40 20 27 0 20 0 36 0 27 0 58 5 44 6
60 0 21 8 16 10 31 14 24 16 45 22 36 25
60 5 22 6 16 7 32 11 24 13 46 19 36 22
60 10 21 3 16 5 32 8 24 10 46 16 36 18
60 15 20 0 14 0 32 4 23 5 46 12 36 14
60 20 22 0 15 0 29 0 20 0 50 6 35 6
80 0 17 8 12 10 26 14 18 16 38 22 26 26
80 5 18 6 11 8 26 11 18 13 38 19 26 22
80 10 17 3 11 4 26 9 17 10 38 16 26 18
80 15 16 0 8 0 26 4 16 4 38 12 26 13
80 20 17 0 9 0 23 0 12 0 42 6 26 7

Averages:
50 13 22 0 16 0 35 6 28 8 51 13 41 16

Note: Relevant price ratios, r
n
=8 and rp =(8) (2.290); tn =N soil test (mg NOikg in

0-20 cm soil depth); t p =P soil test (Bray 1 mg Plkg in 0-20 cm soil depth);
N* =N economic optimum, kg Nlha; and p* =P economic optimum, kg Plha.
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The figures in Table 4.4 suggest the following comments:

• The values of N* and p* fall within the range of optima obtained with
per-site economic analyses (not shown in this paper).

• N* and p* increase as rainfall increases.

• N* is lower for wheat after soybeans than for wheat after maize.

• N* is higher for smaller N soil test values, whereas p* is practically
unaffected.

• p* is higher for smaller P soil test values, whereas N* is practically
unaffected.

• To a varying degree, p* is greater for wheat after soybeans than for wheat
after maize. This could be the result of different factors, such as an N x P
interaction, a difference between the rate at which maize and soybeans
deplete P in the soil, and different carry-over effects of any previous
applications of P fertilizer.
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5
Special Topics

The previous chapters have presented the basic approach to analyzing fertilizer
experiments. There are many potential refinements to this approach. This
chapter describes some of these refinements and discusses the issue of appro
priate treatment designs in on-farm experiments. The first special topic is the
use of spline functions with characteristics suited to particular situations (for
example, a flexible model that can be used to fit data sets obtained under differ
ent conditions). The second special topic covered here is the need for appropri
ate treatment designs in experiments that include two nutrients, so that the
possible response patterns can be efficiently explored. This issue is particularly
important in OFR, since researchers often must compromise between what is
best from a statistical point of view and what is possible in farmers' fields. A
third, related topic discussed in this chapter is the use of continuous experi
mental designs in OFR, especially at the diagnostic stage and, later, for demon
strations. The final special topic is an approach to determining optimum
fertilizer levels in cases where there is more than one crop output (for example,
a maize-legume intercrop), a situation commonly encountered in OFR focusing
on problems of small-scale farmers.

Modeling the Response with Spline Functions

Linear response and plateau

The mathematical specification of the
LRP model has been rather obscure,
however, frequently stated as a discon
tinuous model, and in some cases con
fused with the truly discontinuous
Cate-Nelson model, which is commonly
used to calibrate soil tests (Cate and
Nelson 1965, 1971; Waugh et aL 1973).
Jauregui and Paris (1985) present a

Plateau stage
y

m

Plant yield
y

One nutrient-The linear response and plateau (LRP) model represents a
classical Liebig-Sprengel behavior, in that the response to the addition of a
limiting nutrient to the soil is linear until another factor (nutrient) becomes

limiting and the response line bends
abruptly (Figure 5.1). The LRP model
has been supported by both soil scien-
tists and agricultural economists as a
return to the principles underlying the
well-known "law of the minimum"
(Waugh et aL 1973; Sanchez 1976;
Perrin 1976; Lanzer, Paris, and Wil
liams 1981), and over the past 15 years
has been used extensively, especially
by researchers in developing countries.

Ny
Level of nutnent N added
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Figure 5.1. The one-nutrient linear
response and plateau model.



mathematical specification that interprets von Liebig's law of the minimum in
such a way that no continuity is lost in the response function. Previous presenta
tions of the LRP model (Waugh et al. 1973, Anderson and Nelson 1975) over
looked the need for continuity, which is a desirable feature in fertilizer response
functions because plant response itself is continuous.

The LRP model is the simplest case of a spline function, in which a positively
sloped straight line breaks sharply into a plateau without losing continuity at
the knot (breakpoint) in the formal sense, although it is not differentiable at the
knot. This contrasts with curvilinear spline functions, which can be both con
tinuous and differentiable at the knots.

The LRP model can be specified as:

[5.1]

or, more explicitly,

[5.2]

with the restriction that

[5.3]

where Y is the dependent variable (plant yield); ~o and ~l are the parameters of
the linear stage; N is the independent variable (level of nutrient added to the
soil); and d1 and d2are binary variables such that d1 = 1, d2= 0 when N < Np' and
d1 = 0, d2= 1 otherwise. Npis the value ofN when the plateau of maximum yield
(Ym) is reached for a particular germplasm-environment-management system.

The restriction imposed by Equation 5.3 guarantees that the function is continu
ous at the knot. The estimation oftwo parameters (~o and ~l) is sufficient to
identify the third parameter (Ym)' interpreted as the maximum yield. Substitut
ing Equation 5.3 for Ym in Equation 5.2, and rearranging terms, we get the
equation:

Y =~o + ~l SIN)' [5.4]

where SIN) = N d1 + N d2. For a given value ofNp' SIN) is a function ofN only, and
Equation 5.4 corresp6nds to a linear regression model with parameters that can
be estimated by the least squares method. An iterative procedure for estimating
Npis to assign an initial value to Np' solve the system of equations for the esti
mators of ~o' ~l' and Ym' and compute the coefficient of determination (R2). The
value given to Npis then changed systematically until the greatest value ofR2 is
found for the desired precision in Np.l

1 The use of the maximum R2 criterion is valid here since it is only used to choose the
iteration with the best fit.
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Two nutrients-The two-nutrient version of the LRP model is an example of a
bilinear spline (Poirier 1976, Johnston 1984), in this case formed by two linear
surfaces and a plateau. The whole surface is continuous at the intersections
in other words, the three planes are joined together (Figure 5.2).

The specification for Nand Pis:

Y =min {(~On + ~ln N), (~Op + ~lP P), Yml, [5.5]

where ~On + ~ln N is the plane of response to N, ~Op + ~lP P is the plane ofre
sponse to P, and Y

m
is the plateau yield, with all the necessary provisions for

continuity at the knot and edges.

Example 5.1: Response of wheat to Nand P in Pampa Humeda,
Argentina

For comparison with other models, the two-nutrient LRP was fitted to the data
used in Examples 2.3. and 3.2. The resulting estimated equation (illustrated in
Figure 5.3) is:

Y = min {(3,732 + 81.36 N), (3,581 + 30.07 P), 5,1151

Adj. R2 =0.86

Plateau

Response to P

40 60 80 100 120
N (kg/ha)

P2 0 S
(kg/ha)
90 ......-R-.---------------.

80 e t
70 s 0

60 P

50 yON
40 s
30 e
20
10
o '--r-r--r-......-......-~~_r_""T"""_r_"""T"""-l

o 20

A

I

I c
I

_'-L __

y

A =Plateau (a third factor is limiting yield)
B =Plane of response to N
C = Plane of response to P

Figure 5,2, The two-nutrient linear
response and plateau model.

Figure 5.3. The two-nutrient linear
response and plateau model fitted to
data from Example 2.3 (adapted from
Senigagliesi et aI. 1983).
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The following economic optima estimated with the LRP model are extremely
stable for any practical price ratios, r

n
and r

p
• In fact, they are stable for r

n
and

r
p

values of up to 30 and 81, respectively, which are the slopes ofthe two
response planes:

N* = 17 kglha,

and

p* = 51 kg/ha.

Compared to the results obtained using the other functional forms in Example
3.2, the N* value is much lower than those obtained with the quadratic, square
root, transcendental, and translog functions. The p* value is similar to that of
the transcendental (52 kglha), but considerably lower than the others.

The need for a flexible
spline model or family of spline models

One nutrient-As noted earlier, the true response model appears to be very
case dependent, with different stages of the response curve in evidence in
different situations (Figure 5.4). A spline function that offers the possibility of
fitting anyone of all possible combinations of the stages meets the need for a
model with enough flexibility to fit different sets of data obtained under
different conditions.

a b

III

One stage

c

IV

II III

e

III IV
Two stages

II

f

IV

g

Figure 5.4. Different combinations of stages in the one-nutrient flexible
spline function.
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The linear-quadratic response and plateau model (Figure 5.5) proposed by
Jauregui and Paris (1985) can be used as a flexible spline function to fit data
from anyone of the response patterns. The model can be specified as follows:

0.0 + 0.1 Nq =~o + ~1 Nq + ~2 Nq2,

~o + ~1 Np + ~2 Np2 = Ym ,

0.1 =~1 + 2 ~2 Nq, and

~1 + 2 ~2 Np = 0,

[5.6]

[5.7]

[5.8]

[5.9]

[5.10]

Figure 5.5. The linear-quadratic
response and plateau model.

Plateau
stage

Nq Np
Level of nutrient N added

Plant yield
y

where 0.0 and 0.1 are the parame
ters ofthe linear stage; ~o' ~l'

and ~2 are the parameters of the
quadratic stage; N is the value
of N when the quadratic stage is
reached; and dl' d2, and d3 are
binary variables such that d l =1,
d2 = 0, d3 = °when N < Nq, d1 =
0, ~ = 1, d3 = °when Nq a N <
N

p
; and d1 = 0, d2 = 0, d3 = 1 oth

erwise. Equations 5.7 and 5.8
impose continuity, and Equa
tions 5.9 and 5.10 are the restric
tions for differentiability at the
knots. The estimation of two
~arameters (0.

0
and 0.1) and ofthe junction points N

p
and Nq suffices for assess

mg the other four parameters (~o' ~l' ~2' and Ym):

~o =0.0 + 0.1 Nq2 / 2(Nq - Np)'

~1 =-0.1 Np / (Nq - Np)'

~2 =0.1 / 2 (Nq - Np)' and

Ym =0.0 + 0.1 (Nq - Np) / 2.
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Substituting Equations 5.11 through 5.14 into Equation 5.6, and rearranging
terms,

[5.15]

where Q(N) =d1 N + d2 (N
q

2 - 2 N
p

N + N2) / 2 (N
q

- N
p

) + d3 (N
q

- N
p

) / 2. For given
values ofNq and Np ' Q(N) is a function ofN only, and Equation 5.15 can be
solved by the ordinary least-squares method for a simple linear regression
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modeL The values ofN and N which, combined, give the greatest R2, can be
found by an iterative p;ocedur~.

This simple linear-quadratic response and plateau model with three stages
should account for most types of plant response to single-nutrient fertilization,
for several reasons:

• The model has a sharp, linear response stage similar to that usually ob
served in field experiments which reveal a moderate to severe deficiency of a
single nutrient.

• The model can fit all of the cases depicted in Figure 5.4.

• The law of the minimum is not disregarded, since the LRP model is a special
case ofthe linear-quadratic response and plateau model in which the transi
tion stage is niL

• The diminishing returns stage is not restricted by the structure of the model,
although it is strongly case dependent.

• Both the response function and its first derivative are continuous at the
knots.

• Practical recommendations to farmers can cover no fertilization at all or
fertilizer applications within the restricted transition stage of diminishing
returns.

Two nutrients-The two-nutrient equivalent to the linear-quadratic response
and plateau equation would be a bi-linear-quadratic response and plateau
model similar to the two-nutrient LRP, but with smooth curves where the
edges join. These curves are meant to account for greater or lesser (situation
dependent) nutrient substitution effects. As in the other models, they can be
specified with the quadratic or the square root polynomials.

The algorithm to fit this functional form has yet to be developed. It is foreseen,
however, that its use will have three serious practical limitations in the context
of OFR: 1) although conceptually this is a simple surface, its fitting will de
mand an elaborate set of iterative procedures to optimize the location of the
join edges; 2) the equation will be expensive in terms of degrees of freedom
because ofthe large number of parameters (Poirier 1976); and 3) a much larger
number of treatment levels will be required to define the many stages that
constitute the response surface.
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In closing the discussion of spline functions, it should be mentioned that,
although they would seem to be appropriate for modeling a complex response
such as that outlined in Figure 2.1, these functions have serious practical
limitations that could prevent their use in OFR. These functions can be
adapted to different site-specific response patterns, which can each have a
different biological interpretation. However, such flexibility is better displayed
by the more elaborate spline functions, which in turn are highly demanding in
design, computational ability, time, and familiarity with the spline function
required to reach the "correct" final equation through the iterative procedure;
otherwise, for example, one might obtain solutions associated with local max
ima for the R2 value.

The simpler spline functions, such as the one- and two-nutrient LRP models,
are less flexible but easier to fit. They are appropriate for specific situations in
which stages II and IV of the response curve prevail-that is, when there is a
sharp response to the applied nutrient(s) along with a relatively wide plateau
(e.g., K and P luxury consumption) instead of rapid progress toward the
decreasing physical returns stages (e.g., N toxicity) and, in the two-nutrient
case, little or no nutrient substitution.

In addition, with the more elaborate spline functions-the bi-linear-quadratic
response and plateau model-the economic analysis is rather cumbersome, a
problem is absent in the cases of one- and two-nutrient LRP models.

Appropriate Designs

Treatment designs for conventional experiments

Treatment designs for single-nutrient experiments should not involve major
problems. For that reason, the discussion that follows focuses on experiments
that include two nutrients.

Because soil fertility can vary within a recommendation domain for which a
general model will be used to derive recommendations, and since the variability
in soil fertility can modify the per-location response pattern through a change
in some or all the function's coefficients, the treatment design must provide
full, uniform coverage of the exploration range. Figure 5.6 schematically
presents problems that result from using incomplete designs that explore a
narrow range of treatment combinations. It has been claimed that some of
these designs should be used for the sake of efficiency and/or to reduce the bias
error. Leaving aside the extreme cases in which there is no response to N, P, or
either nutrient, Figure 5.6 shows five conceivable true expansion paths that
could result, ceteris paribus, from different combinations of initial availabilities
of Nand P in the soil. Ai3 can be observed, expansion paths 1 and 5 are not
covered at all by the exploration range of the experiment. In turn, expansion
paths 2 and 4 are also very poorly accounted for by the array of treatments.
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Extrapolation outside the shaded area would be undesirable, given that all
functional forms are at best only local approximations of the true response
model.

Thus, only expansion path 3 would be properly defined as a result of the
experiment. But, even in this case, if the ceteris paribus provision is relaxed to
allow for changes in price ratios, the results of the experiment can become of
questionable usefulness should the true expansion path shift outside the
shaded area.

..Actual exploration
range of the experiment

p

A treatment design with evenly distributed treatment levels that will thor
oughly explore the wide range of possibilities of response patterns is preferable,
although an ex-post assessment of the efficiency ofthe treatment design will
show that some treatment combinations were unnecessary and that some other
design could have been more efficient and equally effective in establishing the
expansion path. The challenge lies in deciding what treatment design to use

before running the experiment,
with no previous idea of where
the expansion path is going to be
located.

1

4

5

=------------N
Some conceivable expansion paths:

Expansion Response Response
path toN to P

1 Little High
2 Medium High
3 High High
4 High Medium
5 High Little

Figure 5.6. Inadequacy of certain
incomplete factorial arrangements to
cover some possible expansion paths.

An analysis of a paper published
by Senigagliesi et al. (1983)
illustrates this point. In 1981
they conducted 20 wheat experi
ments with an incomplete 52
partial factorial arrangement
that did not actually cover the
rectangle of exploration range
defined by the lowest and high
est levels ofN and P. The treat
ment combinations at the lower
right and upper left corners of
the rectangle were missing. The
results for the 1981 trials were
that, depending on the price
ratio used (r

n
= r

p
= 8 or 5), 3-7 of

20 economic optima fell in the
unexplored space. In other
words, up to 30% of the optima
were estimated by extrapolation.

.In 1982 the design was improved
by adding the two treatments
necessary to complete a more
comprehensive exploration of a
52 partial factorial arrangement,
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which resulted in only 1 out of 18 economic optima falling outside the explora
tion space for either price ratio. Had this not been the case, researchers would
have had to extrapolate the 1982 optima to more sites.

The Senigagliesi et al. data also suggest that the economic optima for different
sites can be so spread out that a design with an uneven distribution of treat
ments would probably lead to less precise estimations in some sites compared to
others. In fact, precision is higher within the space that is explored by a greater
density of treatments.

To summarize these observations, it should be noted that: 1) using a treatment
design without full coverage ofthe exploration space can cause some ofthe
optima to be missed, particularly optima along the axes or close to them; 2) the
treatment coverage should not only be full, it is recommended that the treat
ments be evenly distributed throughout the exploration space; and 3) changes
in fertilizer/product price ratios can considerably shift the optima.

Laird and Turrent (1981) reviewed the following treatment designs in a critical
discussion of their advantages and disadvantages: 1) 52 factorial; 2) central
composite; 3) central composite modification by Myers; 4) 32 factorial (rotated);
5) 52 partial factorial; 6) 52 partial factorial modification by Escobar; 7) 72

partial factorial (17 treatments unevenly distributed); 8) 32 factorial; 9) central
composite modification by Thompson; 10) central composite modification by
Berardo; 11) first augmented 22; 12) second augmented 22; 13) first Box-Ber
ardo; 14) second Box-Berardo; 15) third Box-Berardo; and 16) San Cristobal.

Some of the treatment designs discussed by Laird and Turrent (1981), espe
cially those that explore a smaller space, could make it necessary to obtain a
large proportion of the economic optima by extrapolation. Some of the designs
also distribute treatments unevenly throughout the exploration space, meaning
that the bias error will be smaller in some regions but larger in others.

In some cases, a treatment design may increase the chances of finding stochas
tic aberrations in the data. For example, the incomplete factorial arrangements
used by some FAO projects2 result in a high frequency of convex responses
resembling stage I in Figure 2.1. When these increasing-response patterns
cannot be supported with additional information, they become suspiciously
associated with the small number of treatment combinations and with the lack
of replications per site. Thus, when the shape of the response curve depends on
too few points, and when those few points explore a narrow space, the chances
of having unwanted response patterns may be high.

2 See Hagens and Sitibusaya (1988).
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The 13-plot, 52 partial factorial and its modification by Escobar (1967) (Figure
5.7) seem to be the most convenient arrangements for OFR. Each of these
designs has advantages and disadvantages. The original 52 partial factorial has
a somewhat larger bias error (Laird and Turrent 1981) than the Escobar
modification, but the modification implies a slight amount of extrapolation and
requires the use of nutrient levels that might not be practical when laying out
the experiments.

Also, if farmers' practice is no fertilization, or fertilization with only one of the
two nutrients, the Escobar modification would not include such treatments. In
OFR this is a serious drawback, because the farmers' practice should be in
cluded in every OFR experiment. Adding the farmers' practice outside the
actual exploration space ofthe Escobar modification brings the arrangement
out of balance, with resulting statistical difficulties caused by bias error,
uneven precision in the exploration space, and lack of orthogonality.

Compared to all other treatment designs studied by Laird and Turrent (1981),
the 13-plot, 52 partial factorial and its modification by Escobar seem to display
the best combination of good characteristics, especially with regard to bias
error, size of the experiment, and homogeneous and full (or nearly full)
coverage of the exploration space. These two designs are also more suitable for
graphic analysis and permit a variety of functional forms to be fitted. For
instance, the 52 partial factorial used by Senigagliesi et al. (1983) was found
appropriate to fit several models (see Examples 3.2 and 5.1).

Selecting the treatment design is a critical issue in OFR. Often-particularly
when the total number of plots in the experiment is being defined-there is a
need to compromise between what is best from the statistical point of view and
what can really be done in a small-scale farmer's field. Sometimes 15 plots are
too many. In other situations, however, larger experiments can be established,

p ..-+--..-+--.

N
Original layout

p

• •• •
• •- -
• •

• .. •
N

Modified layout

Figure 5.7. Treatment layout in the 52 factorial
arrangement and its modification by Escobar (1967).
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although Colwell (1971) states that it is not feasible to conduct experiments of
more than 40-50 plots. Five successful OFR experiments conducted in 1987 by
one agronomist to study the response of maize to Nand P in San Andres,
Panama, each had 48 plots, and the 18 experiments conducted in 1982 by
Senigagliesi et al. (1983) each had 26 plots.

When the number of plots per site is a constraint, the experiments can be laid
out without replications. This practice, which is common in OFR, prevents the
researcher from estimating the within-site experimental error to further
evaluate the treatment x site interaction. However, this limitation is attenu
ated in OFR because of the recommendation domain concept, which narrows
the variability among sites.

In conclusion, the arrangements which are most potentially useful in OFR are
the 52 partial factorials with 13 evenly distributed treatments, presented in
Figure 5.7. It should be stressed that these are treatment designs, or arrange
ments, not experimental designs. The actual experimental design (that is,
completely randomized, complete randomized block, or incomplete blocks with
confounded allocation of treatments) depends on the characteristics of each
site-but that topic is beyond the scope of this discussion.

Continuous experimental designs

On-farm research can efficiently use, at any stage, information gathered in
previous stages of research. In fact, it is advisable to use the results of one
year's experiments to improve the experiments conducted the following year.
The continuous experimental designs first proposed by Fox (1973) and later
used by Hundtoft and Wu (1974) and Bauder, Hanks, and James (1975) are
unconventional in the sense that treatments are not randomly allocated to
plots, but some desirable features of these designs make them potentially
useful in OFR, especially at the diagnostic stage and, later, for demonstrations.

In these experimental designs, the fertilizer level is sequentially increased from
zero at one end of the block to the highest level at the other end. The incre
ments between one plant and the next are small and uniform along the block.
It has been suggested that a randomized rotation of the blocks can compensate
for the lack of randomization within blocks.

According to the above-mentioned authors, these experimental designs possess
several positive features:

• The use of small increments makes border rows unnecessary, because border
effects tend to cancel out.

• The experimental area is small and compact.
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• The optimum fertilizer requirements estimated using standard statistical
procedures (ignoring the lack of randomization) are essentially the same as
those obtained with conventional designs such as the randomized block, split
plot design.

• These experimental designs offer the possibility of establishing permanent
plots in which rotation and carry-over studies can be performed at the farm
level.

• These experimental designs have been successfully used for studies involving
irrigation and fertilization.

• These experimental designs are also especially useful for problems involving
interactions between two or more factors.

• The experiments can be installed quickly and easily.

Besides the randomization restriction, which according to Bauder, Hanks, and
James (1975) is not always a serious limitation, these experimental designs have
two chief disadvantages. First, the small basic plot size (one plant in the original
design) leads to large variation between replications; in graphic presentation of
the experimental results the data must be smoothed out so the response trends
can be appreciated visually. The high variability between replications, however,
has not been found important enough to produce conclusions different from
those produced by conventional experimental designs. The second disadvantage
of the continuous experimental designs is that the large number of plots in
creases the time and cost required for harvesting, collecting yield data, and
performing chemical analyses of plant tissue samples when appropriate. This
limitation can be overcome by either pooling fertility levels or reducing the
number oflevels and enlarging the plot size (Bauder, Hanks, and James 1975).

Continuous experimental designs should not be used as a proxy for conventional,
replicated experimental designs. However, if they are used with caution against
systematic variations in soil or other factors which are assumed to be constant,
continuous experimental designs can be helpful in establishing fertilization
guidelines when research resources are scarce, which is almost always the case.
Even at the experimental stage of the OFR program, the researcher could
comfortably conduct several experiments with continuous designs plus a few
conventional experiments as a control.

Example 5.2: Response of irrigated maize to Nand P in Mendoza,
Argentina

Besides the examples of continuous-design experiments in Fox (1973), Hundtoft
and Wu (1974), and Bauder, Hanks, and James (1975), an additional example is
presented here using data from trials on irrigated maize in western Argentina
(80to and Jauregui n.d.).



The experiment consisted of 10 rows 0.83 m apart. Fifty seeds of the maize
cultivar Continental RF77 were sown along each row at 0.23-m intervals (the
total area of the experiment thus came to 96 m2). Rates of 0, 25, 50, 75, and 100
kg P20/ha were randomly allocated to the rows, with two replications.
Nitrogen levels of up to 257 kg/ha (24.5 g/plant) were systematically allocated
to each row, starting with 0 kg/ha in one extreme and adding small increments
of about 5 kg/ha (0.5 g/plant) to the next plant in the row. The direction ofthe
increment in N levels was randomly allocated to one of the two replicates; the
direction for the other replicate was automatically defined as the opposite to
the one that was first randomly assigned. Phosphorus was applied as triple
superphosphate at sowing time, about 7.5 cm beneath and to the side of the
seed. Nitrogen (ammonium sulfate) was added 23 days later, incorporated
shallowly as a side dressing.

Since the resulting yield data were quite scattered, a smoothing procedure was
used. Also, a 30% downward adjustment was made to bring the experimental
yield to the level of farmers' yields. Table 5.1 shows the figures obtained.

The translog fit to these data gave the following equation:

InY = 5.2743 + 1.14271n(N + 1) - 0.2113In(P + 40)
(2.985)*** (-0.246)

- 0.000513 [In(N + 1)]2 + 0.16924 [In(P + 40)]2
(-0.014) (1.764)

- 0.2118 [In(N + 1)] [In(P + 40)],
(-4.385)***

R2 =0.90 n =25

(Note: t-values in parentheses; ***, **, and * denote statistical signifi
cance at 1%, 5%, and 10%, respectively.)

Table 5.1. Maize response to Nand P: example of continuous experimental
design

N
PP5 (kglha)

(kglha) 0 25 50 75 100

29 3,051 3,300 4,626 5,883 5,634
81 4,536 4,626 4,701 5,973 6,177

134 5,504 5,739 5,751 6,402 6,732
186 6,465 5,988 6,072 6,927 6,771
238 5,328 6,488 6,681 6,402 7,460
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where Y is the adjusted yield in kglha, N is the nitrogen level in kg N/ha, and P
is the phosphorus level in kg P20/ha. The coefficient of determination for this
fit was R2 = 0.90, which is quite acceptable considering that each datum is
provided by only 20 plants.

Economic analysis performed with this equation indicates that a maximum rate
of250 kg N/ha and 50 kg pp/ha would comfortably cover the optima at a wide
range of price ratios. Thus, with a relatively inexpensive experiment, the
economic optima can be assessed through preliminary experimentation, and a
second stage of experiments using conventional experimental designs can then
be planned using the results of the preliminary trials.

This two-stage approach can improve the cost efficiency of OFR. Less expensive
continuous experimental designs can be used for wide-scale experimentation
during the first experimental stage, or even at the diagnostic stage, and furnish
basic information required to design the second-stage conventional experi
ments---e.g., complete randomized blocks with 13-plot 52 partial factorials
with an appropriate exploration space. In this example of irrigated maize in a
calcareous soil of the Mendoza oasis, for the second stage oftrials the maxi
mum experimental rate ofN should be kept as high as it was in the prelimi
nary trial, whereas for P the size of the exploration space can be considerably
reduced.

Moreover, the high level ofN proposed by this preliminary, inexpensive, and
informal experiment could result from low efficiency in the use of this nutrient
by the plant in connection with a single fertilizer application and further
leaching of N by irrigation water. This suggests the need for split applications
of N in the more expensive, formal experiments of the second stage.

Continuous experimental designs are practical for crops such as maize, because
plants are easily set apart from one another in the field. Applying this method
to crops such as wheat, sorghum, or rice poses practical difficulties that would
require some effort to overcome.

Although this example extends to only a single site, it should be kept in mind
that, within the context of OFR, all conventional experiments performed in the
second experimental stage should have the same treatment layout if they are to
be used in constructing a general model for one or more recommendation
domains, either including or excluding site variables. Otherwise, a variation in
the magnitude of exploration ranges to suit variability in soil fertility among
sites can introduce confounding effects arising from the correlation between
treatments and sites (Colwell 1971).
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Determining Optimum
Fertilization Levels for Multiple Outputs

Sometimes there is more than one output per unit of land, as when a legume is
intercropped with a cereal crop (e.g., cowpeas and maize) or two outputs are
harvested from the same crop (e.g., grain and straw from wheat; grain and
stover from maize). For example, wheat straw can be so important for farmers'
economy in some farming systems of Pakistan that it should not be regarded as
a mere by-product. Rather, the use of straw as dry fodder for livestock when
other supplies of animal feed are low justifies its consideration as a major
output, which is as important or even more important than wheat grain.

In this instance, the nutrient should be regarded as a non-allocable input since
it is not possible to distinguish which fraction of the nutrient contributes to
grain production and which contributes to straw production. The response
model can therefore be represented by two separate functions:

and

Y =feN)g g

Y. =f/N),

[5.16]

[5.17]

where Ygand Y. are the adjusted yields of grain and straw, respectively.

The profit equation to be maximized is modified to allow for both outputs in the
GFB (gross field benefits) term:

Maximize 1t =Pgfg(N) + p. f.(N) - Pn N (l + R) - TCNV.

The maximization condition in this case is:

Pg[dfg(N)/dN] + p. [df.(N)/dN)] =P
n

(1 + R).

[5.18]

[5.19]

That is, the value of the marginal productivity of the nutrient in the production
of grain, plus the value of the marginal productivity of the nutrient in the
production of straw, must be equal to the field price of the nutrient times (l+R).
This condition is intuitive, since the nutrient contributes simultaneously to the
production of both grain and straw, and hence at the margin its total contribu
tion is the sum of both marginal values.

Example 5.:~: Nitrogen fel,tilization of wheat in NOl·theJ'n Punjah.
Pakistan

This example elaborates on Example 2.2 by including wheat straw in the
analysis. The objective is to present a simple method for continuous economic
analysis of on-farm experimental data in cases where two major outputs are
obtained. The effect of N fertilization on wheat grain and straw is analyzed
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here, but the method used for the analysis can be readily extended to other
crops, such as maize (grain and stover), and to cases in which more than one
nutrient is considered.

Since straw represents large additional benefits with little extra cost, farmer
recommendations based on this method of continuous analysis involve higher
levels of fertilization.

The far right-hand column in Table 5.2 shows that the ratio of grain yield to
straw yield (Y/y.) tends to increase as the N level increases from 0 to
210 kglha, suggesting a rather complex relationship between the relative
production of grain and straw.

Regression analysis

For this example, the quadratic function was used as the response model for
both grain and straw:

Yg = 130 + 131 N + 132N2
(estimated in Example 2.2)

= 3,188 + 34.26476 N - 0.09262 N2
(2.854***) (-1.690)

= 6,715 + 57.03798 N - 0.17166 N2
(2.644**) (-1.743*)

Adj. R2 =0.51*** n =20

(Note: t-values in parentheses; ***, **, and * denote statistical signi{i
cance at 1%,5%, and 10%, respectively.)

where Y is estimated grain yield and Y. is estimated straw yield. The Y/y.
relationihip can be affected by exogenous, conditional variables, such as
rainfall, land type, previous crop, and the like.

Table 5.2. Wheat response to N: example from Northern Punjab, Pakistan

Nadded
Straw yield, Y. (kg/ha)

Yj!.
(kg/ha) Site 1 Site 2 Site 3 Site 4 Site 5 Site 6 ratIo

0 7,825 10,225 1,900 4,950 3,500 6,579 0.48
70 12,025 12,625 9,900 10,100 7,750 10,275 0.52

140 11,906 11,531 9,812 10,212 10,106 10,928 0.55
210 12,970 11,935 9,600 10,950 8,000 11,259 0.56
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Economic analysis

The values of profits and gross field benefits are computed with the modifica
tions and subscripts added to distinguish between grain alone, straw alone, and
grain and straw together, as follows:

7tg = GFBg - TCV (1 + R) - TCNV

= Yg Pg - N Pn (1 + R) - TCNV;

7ts = GFBs - TCV (1 + R) - TCNV

= Ys Ps - N Pn (1 + R) - TCNV;

7tgs = GFBgS - TCV (1 + R) - TCNV

= Yg Pg + Ys Ps - N Pn (1 + R) - TCNV;

where 7tg, 7ts' 7tgs' GFBg, GFBs' and GFBgs are profits and gross field benefits
from grain alone, straw alone, and grain and straw combined; Pg and Ps are the
field prices of grain and straw; and a and as are the yield adjustment coeffi
cients. It should be noted that the yie1d adjustment coefficients need not have
the same value. For simplicity, however, this example assumes that ag =as =
10%. Other terms are as defined before.

The economic optima for grain and straw were estimated separately by equat
ing the input/output field price ratios with the corresponding marginal physical
productivities ofN (dY/dN and dY/dN):

dY/dN = [Pn(l + R)]/[Pg (1 - ag)] = rng'

and

dY/dN = [Pn (1 + R)]/[Ps (1 - as)] =rns'

where r is the relevant nitrogen/grain price ratio and r is the relevantng M

nitrogen/straw price ratio.

The N* and N* optima are obtained as follows:
g s
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These two optima, N; and N:, are the results of independent analyses for grain
and straw, illustrated in Figure 5.8. The profit maximizing optimum for the
farmer is N:s ' which considers grain and straw together. This is obtained by
equating d1tg/dN to zero:

Following standard procedures:

P (1 + R) - blPg (1 - a ) - alP (1 - a )N' = n ----'g"--__s s _

gs 2 [b
2
P (1 - a ) - a

2
P (l - a )]

g g 8 S

Table 5.3. Sensitivity of
economic optima for grain
alone (N;), straw alone (N;), and
grain and straw combined (N;.)
to changes in the field price of
straw (P.)

slope =rng

8,000

4,000

Table 5.3 presents values ofN;, N:, and N~ for different straw price assumptions.
The price of straw varies considerably within the year, among years, and
throughout the region. Within the year, it is lowest at harvest time and

increases thereafter. Among
years, the straw price is low in
wet years and high in dry years.
Throughout the region, the price
of straw is lower in places that
are far from large villages,
because of transportation costs,
and higher in places that are
close to consumption centers.

Yield (kg/ha) of grain (Y ) and straw (Y
s
)

12,000 g

Figure 5.8. Independent and combined
economic analysis of the response of
wheat grain and straw to N fertilization.

rng = relevant nitrogen:grain price ratio

r
n

• =relevant nitrogen:straw price ratio

N;; =economic optimum for grain alone

N,' =economic optimum for straw alone

N;, =economic optimum for grain and straw combined

o
o 70 140

N added (kg/ha)
210

Straw
price Economic optima

(R/kg) (kg/ha)
P NO, NO NO.• •

0.00 137 0 137
0.25 137 22 144
0.50 137 94 149
0.75 137 118 152

Note: Field prices of grain and N
are assumed constant at
P = Rs 1.40/kg and P = Rsg n

5.56/kg, and R = 100%.

85



Although N; = 137 kg/ha is independent of the price of straw, N; is very sensi
tive to changes in Ps' and hence the relevant optimum, N;s' displays a moderate
sensitivity to changes in Ps ' As the price of straw increases, N~ becomes larger
compared to the constant, N;.

Example 5.4: Developing a general model for the response of wheat
to Nand P in Northern Punjab, Pakistan

The data used in this example are a subset taken from experiments conducted
from 1983-84 to 1986-87 in the northern Punjab of Pakistan (see Hobbs et al.
1986 and Razzaq et al. 1990).

This example, the most complex of all the examples treated in this chapter,
involves two nutrients (N and P), two outputs (grain and straw), and three
additional explanatory variables such as those mentioned in Equation 4.1 and
Table 4.1-land type (Skt-type variable), previous crop (Xjt-type variable), and
rainfall (Rlt-type variable).

Informal and formal surveys conducted during the initial stages of OFR in
rainfed areas of northern Punjab suggested that different recommendations
could be derived for two groups offarmers. The first group had fields that were
close to the village and received heavy applications of farmyard manure; the
second group had fields that were located some distance from the village,
received applications of chemical fertilizers, and were cropped less intensively.
These two domains could also be further subdivided according to whether
farmers had planted maize as a previous crop on either type of land or whether
they had left the land fallow.

Land type and previous crop suggested that four recommendation domains
(RD) could be tentatively defined:

• RD1: wheat after maize in fields close to the village;

• RD2: wheat after fallow in fields close to the village;

• RD3: wheat after maize in fields far from the village; and

• RD4 : wheat after fallow in fields far from the village.

Forty-eight experiments were conducted under normal tillage on farmers'
fields, using the wheat variety Pak-81. All experiments were managed by
researchers. The distribution of experiments over time was as follows: six in
1983-84; 11 in 1984-85; 17 in 1985-86; and 14 in 1986-87. Specific consideration
was given to distinct combinations of land type and previous crop.
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The experiments were laid out at various sites in the medium- to high-rainfall
zones of the Pothwar Plateau, with a heavy concentration in the high-rainfall
zone (1:7 ratio). Year-to-year variability in rainfall is particularly high in the
winter-spring season (Supple et al. 1985), and farmers tend to respond accord
ingly.3 Fertilizer doses applied by farmers in rainfed areas are expected to be
lower than doses applied in irrigated areas.

An incomplete factorial arrangement was laid out for various combinations of N
and P at different levels of each nutrient. Both nutrients (in the form of urea
and single superphosphate) were broadcast at sowing.4

A high proportion of wheat farmers in rainfed areas of northern Punjab use N
and P fertilizers in doses of about 50 kg Nlha and 50 kg PP5Iha, on average.
The official blanket recommendations for the high-rainfall areas, however, are
about 110 kg Nlha and 60 kg PP5Iha.1t is generally believed that considerable
potential exists for higher fertilizer use on wheat in these areas.

Farmers use all the P at sowing, irrespective of their rainfall expectations,
because they correctly understand that P is most effective if applied early in
the season. Some farmers in the rainfed areas reportedly go through a two
stage decision process to define the levels of Nand P they will use. First, at
sowing, they apply Nand P using either diammonium phosphate (18% N,
46% P20 5), urea (46% N) plus diammonium phosphate, urea plus single
superphosphate (20% P20 5), or Nitrophos (23% N, 23% P20 5). Then, as the
season progresses, farmers make an additional application of urea, the level
apparently depending on the amount of rainfall received during the early
months of the winter-spring season. In other words, if rainfall has been rela
tively high, farmers add a more generous amount ofN, and if rainfall has been
scarce they may not add any more N at all.

Moreover, small-scale farmers may be able to respond to rainfall with more
flexibility than large-scale farmers. In fact, a farmer whose land holdings are
small can go out to his or her field and broadcast some extra N fertilizer while
it is raining or immediately afterward, whereas a farmer with larger land
holdings has labor-availability constraints which prevent him or her from
acting with such flexibility.

Regression analysis

Assuming that variability in rainfall is a major factor affecting the year-to-year
productivity of wheat in the rainfed areas of northern Punjab, winter-spring
rainfall was chosen as a key explanatory variable and incorporated into the
quadratic and transcendental models.

3 About 92% ofthe cropped rainfed area is planted to wheat in this season (Sheikh et al. 1988).

4 More details on the experiments are provided by Razzaq et al. (1990).
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A short model was used to estimate the response, assuming that land type and
previous crop only shift the response surface upwards or downwards without
actually modifying the response pattern (slope and curvature). These simple
structural changes would not affect the values of economic optima found with
continuous marginal analysis.

Quadratic

Y = bo + bI N + b2P + b3W + bn N2 + b22 p2 + b33 W2 + bI2 N P
+ bI3 N W + b23 P W + b4L + bs C

Transcendental

In Y = In bo + bIln N T b2ln P + b3ln W + b4N + bs P + bs W
+ b7 N P + bs N W + bg P W + b lO L + bn C,

where Y is either Yg (estimated grain yield in kglha) or Y. (estimated straw
yield in kglha); N is nitrogen input (kg/ha); P is phosphorus input (kg ppslha);
W is winter-spring rainfall (in mm) from October to March for each year of
experimentation (since rainfall data were not available for each location,
rainfall at Islamabad was used as a proxy); L is land type (L =0 if the land is
far from the village; L = 1 if the land is close to the village); and C is the previ
ous crop (C =0 iffallow; C =1 ifmaize).

To assess the possibility of structural changes in the response for different
combinations of previous crop and land type, a full model was developed, with
29 variables, including the basic variables as well as the dummy variables L
and C, and with all possible interactions between the two dummy variables and
the basic variables. Thus, shifts in the Y-intercept were considered along with
changes in the linear as well as quadratic coefficients. In addition, several
intermediate models were used to provide for lesser degrees of structural
change. The final equation was selected using the F test discussed earlier.

The two simplest equations compatible with a priori expectations about the
relevant variables to be included in the models, especially with regards to the
significance and/or sign of each coefficient, appear below.

Quadratic

Y = bo + bI N + b2P + b3W + bn N2 + b22 p2 + b33 W2 + bI2 N P
+ bI3 NW + b23 PW + b4L + bs C + b43 L W + bS3 CW
+ b433 LW2 + bS33 CW2

This model did not support the use of different recommendations for different
combinations of land type and previous crop, and the dummy variables only
shift the response function up or down.

88



Transcendental

In Y = lnbo + b1 In (N + d) + b2 In (P + d
p

) + b3 In W
+ b4 (N + d) + b5 (P + dp) + bs W + b7 (N + d) (P + dp)

+ bs (N + d) W + b9 (P + d
p

) W + b10 L + bn C
+ b12 LIn W + b13 C In W + b14 LW + b15 CW

Tables 5.4 and 5.5 show the estimated coefficients (b.) for grain and straw in
both equations, their t values, and the adjusted R2 v~lues.

The phosphorus x rainfall interaction [(P + d ) W term] is not significant. This
p

may be considered a convenient feature of the response pattern, because
farmers add all the P at sowing.

Table 5.4. Quadratic model: estimated coefficients and their t·values in the
two "intermediate" equations independently fitted for grain and straw

Grain Straw
Estimated Estimated

Variable coefficient t value coefficient t value

(Constant) 447 -3,028
N 9.614 2.421** 19.579 2.941**
P 7.740 1.331 16.074 1.795*
W 7.740 1.875* 53.771 7.771***
N2 -0.06059 -2.963*** -0.11014 -3.212***
p2 -0.04409 -1.279 -0.11505 -1.990**
W2 0.00467 -0.652 -0.08141 -6.772***
NP 0.0585 2.036** 0.07733 1.605
NW 0.01723 1.749* 0.02342 1.418
PW -0.00298 -0.236 -0.00834 -0.394
L 149 0.160 4,549 2.904***
C 3,115 3.197*** 8,109 4.964***

LW 2.32004 0.316 -34.11439 -2.775***
CW -23.41564 -3.345*** -7502968 -6.392***

Adj. R2 0.49*** 0.51***
n 429 429

Note: t-values in parentheses; ***, **, and * deno~e statistical significance at 1%,
5%, and 10%, respectively.
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Economic analysis

In this example, Equation 5.18 becomes:

1t =Y (1- a)P + Ys(1- a)P - N P (1 + R) - P P (1 + R) - TCNV,g gg •• n p

where Pn , P
p

' Pg, and p. are the field prices ofN, P20 S' grain, and straw (Rs/kg);
a and a. are the yield adjustment coefficients, assumed to be a =a. =10% in
tfus example, although they need not have the same value; and R is set equal
to 100%.

Table 5.5. Transcendental model: estimated coefficients and their t-values
in the two "intermediate" equations independently fitted for grain and
straw

Grain Straw
Estimated Estimated

Variable coefficient . t-value coefficient t-value

(Constant) 2.7694 -3.6082
In(N+dn) 0.31901 4.084*** 0.12912 4.996***
In(P+dp) 0.055918 1.847* 0.23623 2.004··

lnW 0.76782 2.431** 2.3997 8.358***
(N+d) -0.0037530 -1.787* -0.0024859 -1.450
(P+dp) -0.0004374 -0.196 -0.0026759 -1.035

W -0.0011348 -0.827 -0.0075336 -5.993***
(N+d)(P+dp) 0.000014147 1.556 0.000011942 1.446

(N+dn)W 0.000003288 1.041 0.000001163 0.407
(P+dp)W -0.000003648 -0.891 -0.000002622 -0.704

L -0.79126 -0.306 6.871 2.929***
C 9.5699 3.974*** 14.542 6.644***

LlnW 0.2230 0.382 -1.4975 -2.820***
ClnW -2.0973 -3.896*** -3.3280 -6.802***

LW -0.0008613 -0.372 0.005931 2.823***
CW 0.0072431 3.470*** 0.013374 7.049***

d
n

13 1
dp 1 22

Adj. R2 0.47*** 0.51***
n 429 429

Note: t-values in parentheses; ***, **, and * denote statistical significance at 1%,
5%, and 10%, respectively.
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The field prices ofN, grain, and straw were the same as in Examples 4.2 and
4.5. The field price ofPps was Pp= 5.00 Rs/kg.

The values ofN* and p* are obtained by equating d1tldN and d1tldP to zero:

d1tldN =P (l - a )dY/dN + P (l - a )dY /dN - P (l + R) =0,g g s s s n

and

d1tldP = Pg(l - ag)dY/dP + p.c1 - a.)dY/dP - P/1 + R) = O.

Replacing dY/dN, dY/dN, dY/dP and dY/dP by the first derivatives of the
independently estimated response functions for grain and straw, the values of
N* and p* can be obtained by algebraic manipulation.

Table 5.6 compares the economic optima estimated with both models for a
winter-spring rainfall of 256 mm, which is the 23-year average from 1964 to
1987.

The shift in Y-intercept given by the dummy variables in the quadratic func
tion results in economic optima that are independent of land type and previous
crop. In the transcendental function, however, there are important changes in
the economic optima for different values of the dummy variables.

Table 5.6. Quadratic versus transcendental models: sensitivity of
economic optima N* and p* to changes in the field price of straw for a
winter-spring rainfall of 256 mm (average of 23 years)

Transcendental

Price
of

straw
(Rs/kg)

Quadratic
N* p*

Land far from Land close to
the village the village

After After After After
fallow maize fallow maize

N* p* N* p* N* p* N* p*

0.00 50 15 44 16 36 13 53 22 45 17
0.25 85 55 53 32 43 21 62 40 51 27
0.50 103 72 63 50 49 31 74 62 57 38
0.75 113 81 74 68 55 42 99 98 64 50

Note: Field prices of grain, N, and P are assumed to be constant at
P =Rs 1.40/kg, P =Rs 5.56/kg, and P =Rs 5.00/kg.gnp
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In other words, the quadratic functional form was unable to capture the need
for different recommendations in the domains that had been tentatively defined
a priori on agronomic grounds, whereas the transcendental functional form
provided for distinct recommendations for different combinations of land type
and previous crop. Moreover, this is accomplished with the same level of
complexity in both intermediate models-quadratic and transcendental-with
regard to the type and number of explanatory variables added to the short
models.

Again, with a few exceptions, in this example the economic optima estimated
with the quadratic form are higher than those of the transcendental. Also, the
price sensitivity of the economic optima was lesser with the transcendental
than with the quadratic form.

Comparing the optima estimated with the transcendental form for different
recommendation domains and different prices of straw, it can be observed that,
without exception, both N* and p* values are higher for wheat after fallow
than for wheat after maize. Similarly, the recommendations are consistently
higher for land close to the village than for land far from the village.

These results can be explained both in agronomic and economic terms:

• When a field is left fallow, more water accumulates in the soil profile and is
available for the wheat crop. This larger availability of water would have an
effect similar to a larger rainfall during the growth period.

• If the maize crop receives fertilizer or farmyard manure, a carry-over effect
on the subsequent wheat crop could explain the need for lower fertilizer
recommendations.

• Land close to the village is cropped more intensively, which could be associ
ated with a larger depletion of chemical fertility in spite of the additions of
farmyard manure. On the other hand, farmyard manure improves physical
and biological soil properties that provide for a larger yield potential. The
result is that higher Nand P levels are recommended for land close to the
village.

• At fixed prices, the value of the marginal productivity ofthe last unit of
fertilizer applied to the land close to the village is higher than that of the
land far from the village.

About 50% of the variability remains unexplained, suggesting that the model
could be improved by including additional site variables. For example, the
actual rainfall at each site could be used instead of using rainfall at Islamabad
as a proxy for all sites; or soil fertility variables could be used, at least at the
OFR experimental stage.
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These results suggest a need for further research on conditional recommenda
tions, such as recommendations conditional upon rainfall or soil moisture
status during the first one or two months after sowing. For a given domain, a
constant level of P would be recommended based on the average rainfall season
(all P is added at sowing and there is no significant phosphorus x rainfall
interaction), while the recommended level of N would vary according to the
conditional variable.

Farmers could be provided with technical criteria to decide how to use N more
effectively and with a lesser degree of uncertainty. Small-scale farmers, for
example, could be more sensitive to different rainfall levels in the first one or
two months after sowing. Further research could therefore focus on basal
(initial) levels ofN and P, since a low initial level ofN would leave room for
flexibility afterwards, allowing for farmers to accommodate the timing of the
second fertilization with N to the level of rainfall. Including several levels of a
second N application in each experiment-e.g., 0, 25, 50,75, and 100 kg N/ha
would be helpful for fitting a response function. If the experiments were run
across different rainfall zones, the recommendations could vary accordingly for
each zone. Also, if the experiments were conducted over three or four years, an
improved general model could be built with recommendations conditional on
rainfall zone and/or winter-spring rainfall.

Thus, practical guidelines could be derived for farmers to use: 1) If rainfall (soil
moisture) was (is) low, do not add extra N; 2) if rainfall (soil moisture) was (is)
normal, apply an additional dose of n 1 kg N/ha, where n1 is the economic
optimum estimated for an average rainfall season; and 3) if rainfall (soil mois
ture) was (is) high, apply the more generous amount, n2 kg Nlkg, where n2 is
the optimum for high-rainfall conditions.

The use of site variables such as initial soil fertility data has also been valued
as a potentially powerful tool for deriving conditional recommendations in
Pakistan, especially with regard to P fertilizers (Cope 1988). However, soil
testing services in Pakistan are not currently used by most farmers in rainfed
areas, which renders the use of soil test information impractical, at least in the
near future.

More importantly, in this case from northern Punjab it appears that site
variables such as land type and previous crop can perform as satisfactory
proxies for soil test variables, as suggested by the magnitude of the economic
optima estimated with the general models. It should be noted that this was not
the case for the data from Pampa Humeda in Argentina, where soil test vari
ables were not satisfactorily replaced by site variables and inflated optima were
obtained when soil tests were not included in the model.
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Concluding Remarks

The foregoing chapters have described a method for building general models
based on continuous analysis in order to derive fertilizer recommendations for
farmers. The previous chapters have also shown that OFR can make a special
contribution to developing methods for the continuous economic analysis of
fertilizer experiments. The starting points for developing new methodologies in
continuous analysis will be key aspects of the present state-of-the-art in OFR,
such as the experimental designs most frequently used and the criteria applied
to define the exploration range of treatment levels. The next few years will see
the testing and refinement of procedures. It should also be noted that continu
ous analysis can be used for analyzing irrigation water response. In this case
water is regarded as one of the two generic nutrients-an idea consistent with
the way that plant nutritionists define essential nutrients (Epstein 1965),
because water is essential for plant life.
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